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PREFACE. 



This Treatise is intended to contain as much as is 
required, under the head of Dynamics, of Candidates 
for Honours in the First Three Days of the Mathe- 
matical Tripos. I hope that it will also be of use to ' 
Students in their preparation for other Examinations, 
where questions are set which may be treated without 
Analytical Geometry and the Differential Calculus. 

A beginner, who wishes to become acquainted with 
the principles of Dynamics before advancing far in the , 
Kinematica! portion of the book, will find that Chap- 
ters VII. and VIII. may be read immediately after 
Chapter I. 

^B My thanks are due to Mr. Hamblin Smith for having 

^K kindly examined most of the proof sheets as they passed 

^^k through the press. 

^^1 I shall be very grateful for any corrections, or su^es- 

^V tions for the improvement of the work, which may be 

^V sent me by any one using it 

■ E. J. GROSS. 
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Page 32, line 17 from top (8),y^ 'space varies * read 'acceleration 
varies.* 

Page 84, line 2 from top,/v '6928 * read * 7728.' 

Page 1 14, line 7 from top, for * chord * read * cord. ' 

Page 133, line 6 from bottom {20), /or * above* read * below.' 

Page 137, line 4 from bottom {S),for * one-third * read * two-thirds.' 

Page 155, line 18 from bottom (32), for '^cosa+sina* read 

* \/e cos* a+sin* a. * 



KINEMATICS. 



1— VELOCITY. 



1. When the position of a point is being changed continu- 
I onsly, the point is said to be in Tnation. 

2. VdocUy is the name given to the rale of motion of the 
point, or the de^ee of quickness or slowness with which the point 
is moving, at any instant. 

3. By observing a body, such as a train, in motion, we per- 
ceive sometimes that it is moving faster at one instant than at 
another. 

Again, we see sometimes, when two bodies are in motion, 
that one is moving faster than the other. 

We can express these facts by saying that the velocity of 

the train is greater at one instant than at another ; and that, 

g ia the second case, the velocity of one body is greater than 

,t of t!ie other. 

We thus become familiar with the idea of velocities differ 

% from one another in magnitude, or tnieTmly. 

And we see tliat the velocity of a point is a property, which 
■ the point haa at each individual instant of its motion, and 
lithat the magnitude of this property may be different at 
I different instants. 



VELOCITY. 



4. If dnring any interval of time the Eoagoitude of the I 
velocity of a point is the same at every instant, the velocity I 
is aaid to be uniform. If the magnitude at one instant is 
ferent &om what it is at another, the velocity is said to vaiy, I 
or to be a variable velocity. 

6. If a point always moves uniformly, it is easy to see that J 
it vrill pass over equal distances, or spaces, in equal intervals 
of time. £ut the converse of this, viz., that, if equal spaces 
are passed over in equal times, the velocity is unifonn, is not 
necessarily true. Tims, if the velocity of a train is uniform 
and of the proper magnitude, it will ])ass over 30 miles in 
every hour. But, if it passes over 30 miles in every hour, it 1 
does not by any means follow that its velocity is unifonn J 
throughout an hour ; for at one part of that time it may be 
moving faster than at another, if only it manage upon the 
whole to go exactly 30 miles in the hour. If, however, it 
went J mile in every minute, we should feel more confident 
that it was moving uniformly, and still more so, if it went -^ 
mile in every second. And if, on dividing the time into equal 
intervals as small as we pleased, we found that it went an 
equal space in each interval, we should conclude that the 
velocity was uniform throughout the whole time. We thus 
arrive at the following lest for uniformity of velocity : — 

A velocity of a point is said to be uniform when equal 
spaces are passed over in equal intervals of time, however small. 

6. Our ideas of the velocities of points are closely connected 
with those of the spaces, over which the points will go in any 
specified time. 

Thus, in ordinary laiiffua^e, we indicate any puticular velocity 
by mentioning the space traversed in some given length of time 
by a point moving uniformly with that velocity during this time. 

For exam])le, we talk of a velocity of 40 miles an hour ; 
meaning such a velocity that, if a point travel uniformly with 
Jt for an hour, the point will pass over 40 miles. 



A point poasesses a velocity of 20 mUes per 75'. Hoi 
fin will it go in an hour ! 

The point goes 20 miles in 75'; 



I 



EXAMPLES.- 



How 



(i .) A point iH traTelling with a velocity of 20 feet a 
fur will it go in an hour ) 

(2.) Through how many yarda will a point go in half-an-hour, whose 
velocity is 15 feet per second I 

(3.) A point ia travelling with a velocity of 2 miles an hour. (1) 
How far will it go in a minute ? (2) How many feet will it traverse 
in 10"? 

(4.) If a point moves uniformly over 3 feet in a second, hy how 
many miles an hour would you represent this velocity 1 

(5.) The velocity of a point ia v feet a minute, and in a qnarter of 
an hour it has gone a mile. What ia r ? 

(6.) The velocity of a train is 30 miles an hour. (1) How long 
will it talce to traverse 100 yards ? (2) How many seconds will it 
take to go 150 feet ? 

(7.) A train travels 120 miles in two houri and a half. If it travels 
uniformly, how many yards does it go in a minute ? 



7. Further, we can compare velocities by comparing the 
Bpaces, over which pointe posseBsing these velocities will go in 
any the some time. 

Thus, by one velocity being double another, we should 
imdeTstand that, if for any particular time, say a minute, two 
points were to move uniformly, one with the first velocity and 
the other with the second, then the first point would go in the 
minute twice aiS far as the second. 



4 VELOCITY. 

Again, if the first velocity were y times as great as the 
eecond, the first point would go, in any particular time, v 
times as far ae the second. In this case we should say that 
the first velocity contained the second v times. 

Ex. A velocity of 2 yards a second is half that of 720 feet 
a minute. 

For a point having the first velocity will go 2 yards a second, 
i.e. 6 feet „ ; 

and „ other „ will go 720 feet a minute, 

i.e. 12 feet a second. 

Hence the number of feet traversed with the first velocity 
in a second is half the number traversed with the other in the 
same time. Therefore the first velocity is lialf the other. 

EXAMPLES.— 11. 

(i.) Show that ft velocity of 60 miles an hour is double that of 44 
feet a second, 

(2.) How many yards an hour must a velocity be in order to be 
triple one of 2 miles a minute t 

(3.) How long muat a point take to go 3 miles, (1) in order that 
its velocity may be 5 times that of 8 feet a second ? (2) It its velo- 
city a i oi that of 20 yiirds a minute ? 

(4) Find the ratio between two velocities, one being 70 miles an 
hour, and the other two yards a second. 

(5.) A velocity of 3 yards a second is v times one of 70 feet a 
minute. What is w ! 

(6.) Compare the velocities of 20 miles an hour and 4 yards a 
minute, 

(7.) Compare the velocities of two points moving uniformly, one 
over 20 miles in an hour, and the other 2 feet in a quarter of a second. 

(S.) One body moves over 30 yards in 7 minutea, and the other 
over 60 feet in 25 seconds. If their velocities are uniform, comparSil 

(9,) How many timea does the velocity of 300 yards per llfl 
minutes contain the velocity of 70 feet per 3 seconds 1 fl 

(lo.) The velocity 2<J miles an hour cont-iina the velocity 30 feet in 
second V dmes. What ia d I I 




^ 



(ii.) A man G feet high walks In & straight line at the rate of 4 

' iBiles an hour awaj from a street lamp, the height of which is 10 feet 

Sappoaing the ias,a to start from the lamp-post, find the mte at which 

the end of hia shadow travels, and also the rate at which his shadow 

lengthens. 



8, We explained in Art. 6 how a velocity may be indicated 
in ordinary language. We will now state how it may be 
represented by a number, on which the operations of Algebra 
may be performed. 

In Algehra the magnitude of a velocity, like everjfthing else, 
is represented by its measure (Alg, Pt. I, Art. 33). That ia to 
say, we fix upon some definite velocity, with which we are 
femUiar, aa our standard, and represent any particular velocity 
by the number of times it contains this standard, this number 
being called the measure of the particular velocity. 

Instead of the phrase, " the velocity whose m.eaaure is v" 

we often write the shorter one "the velocity v." So that, 

rhen we put a letter for a velocity, the student must remem- 

that it only indicates the numher of times that the velocity 

eontaJns the standard. 

Tlie velocity which we fix upon as our standard ia that, 
Lth which a point, if it moves uniformly, will pass over a 
;finit of space in a unit of time. 

Prop. The measure of a velotity is eqiud to the measure of 
Oie space trmersed m a itrnti of time by a pdtU moving uniformly 
mik the velodty. 

Let V denote the measure of the velocity, i.e. let it contain 
the standard w times. Therefore, Art. 7, a point, travelling 
with this velocity, would go v times as far in a unit of time aa 
it were travelling with the standard. 

Now with the standard the point would go one unit of space 
a unit of time, and therefore with the velocity v it will go 
units of space in a unit of time, or, in other words, i' is the 
leasure of the space it traverses in a, unit of time. q.e.d. 



> VELOCITY. 

Cor, Suppose a point travels uniformly for a time t with a 
velocity v. By the Prop, it traveraeB a space v in each unit of 
time, hence in t units of time it traverses a space vi. 

And farther, if at the beginning of the time its distance from 
a iixed point in its line of motion is a, its dietance at the end 

(i±iif, according as it has moved from, or towards, the fixed 
point 

Let s denote the space traversed in time (, Then, if it move 

imfrnirily with velocity v, we have s=vl, or y 



t~ 

for all values of t {i.e. if 
s constant or umform. 



if the fraction -j \a always the aam 

a ce I), we conclude that the velocity 
This includes the test of Art. 5, 



Note. — The standard velocity is called the unit of velocity, 
or the unit velocity. 



10. Ex. I. If the unit of time be a minute and a foot the 
unit of space, what is the measure of the velocity 40 miles an 



A point having this velocity goes 40 miles in an hour. 
i.e. 40x1760x3 feet „ 

. 40x1760x3 



60 



in a minute, 



. 3520 



Hence, the measure of the space passed over in a unit of 
time being 3520, the measure of the velocity is also 3520. 

If the unit of space had been 10 feet, the measure of the 
distance traversed in a unit of time would have been 352, and 
therefore the measure of velocity 352 also. 

Ex. 2. How far will a point having a velocity 3 go in 4 unite 
of time 1 

lex&ji=Z,t=i i .'. the formula s=r/ shows that 12 units irf 
I space would be passed over in 4 units of time. 



VELOCITY. 



EXAMPLES.— III. 

(i.) What is the meaaure of the Telocity 70 feet a Beeoiid when a 
1 a second ia tie unit Telocity ? 
2.) A yard per 7 seconds is the staadnrd velocity. What is the 

e of the velocity 15 yards per 7 seconds 1 
(3.) What will be the measure of the velocity 16 miles an hour 
(1) when a foot a second is the standard ; (3) when 4 feet per minute 
ia the standard f 

(4.) How many yards an hour must a point traverse, iu order that 
the measure of its velocity may be ^, when a foot a second is the 
unit velocity J 

(5.) How many minutes will a body take to go a mile with a 
velocity whose measure is 5 ; the standard being the velocity of S5 
. feet per 3'1 

^ (6.) A distance of 5 yards is the unit of space, and an interval of 
KS* is the unit of time. How &r will a body go in half an hour with a 
"Velocity 7 1 

(7.) If the velocity of 30 feet a second be represented by 5, what 
will be the measure of the velocity 7 yards per 2" I 

(S.) Two points start from the same position and move in opposite 
directions with velocities of 5 feet a minute and 1(1 feet per 3 seconds. 
How far apart will they be at the end of 6 minutes ? 

(9.) Two points start from the same point and move in perpendi- 
oolar directions, one with a velocity 6 yards a second, and the other 
I with a velocity of 10 feet a minute. How far apart will they be, (1) 
Kat the end of 5', when they start simultaneously ; (2) at the end of 
■10' from the starting of the kst one, when the first starts 3' before the 
"•econd % 

(10.) Two points move along two lines containing an angle of 60°. 
One point moves with the velocity 30 feet a second, and the other 
with the velocity 20 feet per 2", and they start simultaneously from 
the point of uitersection of the lines. How far apart will they be at 
the end of 2*? 

(1 1.) A particle whose motion ia uniform, is at the end of the day 
a mile distant from its position at the eommen cement. Find ita 
[ TeLwity, taking 11 yards as the unit of space, 9 minutes as the unit 
a time, and a day equal to 24 hours. 



8 VELOCITY. 

11. The direction in which a point is moving is called the 
direction of ita velocity. 

In order to determine completely any velocity, we muat 
determine both ita magnitude and its direction. 

12. It is to be obBerved that we can prefix the signs + and 
— before the measures of velocities, to indicate contrariety 
of direction, as in Trigonometry, etc. 

Thus if +» (or n) indicate the velocity of a point moving to 
the right, —v will indicate the velocity of a point moving, at 
an equal rate, to the left. 

13. We can represent velocities by straight lines. 
For we can draw a straight line 

1° in any direction, and thus we can represent the 

direction of any velocity ; 
2° ao as to contain as many nnits of length as the 
velocity contmns units of velocity, and Urns we can 
represent the magnitude of the velocity. 
Hence, Art. 9, the straight line wil! r^resent also the space 
which the point would traverge, if it moved uniformly for a 
unit of time with the velocity represented. And, conversely, 
if it moves uniformly for a ttnit of time with any particular 
velocity, the space traversed will represent that velocity. 

EXAMPLES.— IV. 

(I.) A velocity of 5 miles an hour b represented by aline 10 incbeg 
iDng. What leiif^h of line will represent a velocity of 9 miles an 
hour? 

(z.) A velocity 3 i» rcpreaented by a line 5 inches long. What line 
will represent a velodtj 7 ) 

(3.) If a Telocity of 5 railcs an honr to the north is represented by 4, 
what wonid represent a velocity of 5 feet a minnte to the eonth ? 

{4.) Given thai a certain line containing II inches represents a 
velocity of 3 miles an bonr to the east. How would yon repu>sent a 
velocity of 100 yards a minnte to the north-east ? 



VELOCITY. 



14. When a particular velocity has been taken as our 
I Btandard, every velocity will have its own certain measure. 

If now we change our standard, the measure of each velocity 
I mUBt also be changed. 

For instance, if for any reason we took as our standard a 
I velocity double of the previous standard, the ineaBnre of every 
I velocity would be Jialf what it was previously, for a velocity 
l^ which contains the old unit * times would only contain the 

l^new unit -s times. 

We have defined our standard velocity with reference to the 
I units of space and time. If, therefore, we change those units, 
\ we mnst, generally, take a new velocity for our standard j and 
\ consequently the measure of every velocity wiU then be altered. 

It is tlie object of the following proposition to find the 
Lehange produced in the measure of a velocity by any given 
(.fihange in the units of space and time. 

We will firet illustrate the method of proof on a particular 
»ae, and then apply it to the general proposition. 



15. A certain velocity has 5 for its measure when a foot and 
a second are units of space and time. 'Wliat will be its measure 
when a yard and a minute are units % 

Now 5 feot are equal to -^ yards. 

With the given velocity a point will traverse (Prop. Art. 9) 
5 feet in one eecond, 

i.e. -g yards in one second ; 

. *. 60 ■ -^ yards in one minute ; 

■., by Prop. kit. 9, CO'-g (=100) is the n 
I velocity required. 



VELOCITY. 

16. Prop. Gwtn the ineaswre of any vdocUy mtk cerlam {old) 
imits of space and time, to find the measure of the same velocH^ 
vdih any other (new) wts. 

Let V be the measure of the velocity with the old units. 
Let a and 6 denote the number of times, respectively, which 
the new uoite of space and time contain the old. 

Hence v old units of space axe equal to — - new unite. 
With the given velocity a point will traverse {Prop. Art. 9), 
V old units of space in one old unit of time, 

*-« — new unite of apace in one old unit of time ; 

.■■ 6 ■ — - new unite of space in one new unit of time ; 

.■., by Prop. Art, 9, — is the new measure (v') of the velocity 

required. Hence if we know the values of any 3 of thi 
Bymbok v, ti", a, b, we can find the value of the fourth from the 

equation v=-~ ■ 

17. We will now apply this formula to the solution <rf 
examples. 

Ex. I, A point is moving with the velocity of 5 feet 
minute. What will be the measure of this velocity when a 
yard and a second are the units of space and time t 

r. The measure is 6 if we take a foot and a 
unita. (Art. 9.) 

2°. The new units, viz., a yard and a second, are respec- 
tively 3 times and ^ of the old units. 

Thus we can put i)=5, a=3, 6= 



60' 
1 « 



'. the new measure required= 




Ex. 2. A velocity of 4 feet per second is the unit of velo- 
city, and 5' is the unit of time. What is the unit of space ? 

Let a feet be the unit of space. 

Consider this velocity of 4 feet per second. 

Its measure would be 4, if a foot and a second were the 
nuits ; hence, taking these as our old units, we can put v=4. 

Again its measure is I, if a feet and 5' are the units, since 
it is then the standard, and 5'=300". 

Hence we can put t>=4,!'-=l,i=300; .■. l = ?52ii. 

.-. a=1200. 
Therefore a length of 1200 feet is our unit of si)ace. 



EXAMPLES.— V. 

(i.) The measure of a certaiu velodty is 7, when 5 feet and 3' are 
the nnita of space and time. Whnt will be its measure when 2 inches 
and 4' are the units 1 

(2.) The velocity of 7 feet per 3" is the unit of velocity, and the 
unit of apace oontains 3 yards. What ie the unit of time ? 

(j.) Wliat is the unit of space, if £' is the unit of time, and the 
unit velocity is 4 feet a minute 1 

(4.) A point truversea 29 feet in 3" with the unit velocity. What 
is the unit of time, if 4 feet is the unit of space 1 

(5.) What is the unit of time when the velocity of 6 feet a second 
la representod by 4, and the unit of space is 7 feet I 

(6.) Show that the standard velocity varies directly as the unit of 
space, and inversely as the unit of time. 

(7.) If a velocity of 6 miles an hour he the unit of velocity, what 
must be the unit of time that 11 yards may he the unit of space? 

(8,) If a mile per minute were the unit of velocity, and a yard the 
unit of space, find the unit of time. 

(9.) A body moves uniformly ihrouEh (m + n) feet in (m - n)", the 
units of space and time being a foot and second ; and the numerical 
representation of its velocity is nine times what it would have been, 
had it moved through (ni - 11) feet in {in + n)', and the units of space 
and time been a yard and 21". Show that in :n=fi :4. 
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VELOCITY. 

(lo.) If a Bhilling be the unit of money, :£10OO a. year the unit of 
income, and an inch per minute the unit of Telocity, find the unit of 
space. It being understood that the unit of income is an income of a 
unit dL money in a unit of time. 

18, If a traveller in a railway train in motion walks from 
one window of hia carriage to the other, he may be considered 
as having, at every instjuit, two velocitiea ; one the Bame as 
that of the train, and one independent of the train acroaa the 
carriage. We thua obtain an idea of how velocities in differ- 
ent directioDB may coexist in a point. 

The traveller's actual velocity will be intermediate in direc- 
tion between these two coexisting velocities; and it is the 
object of the propoeition of Art. 20 to determine the actual 
velocity at any instant for this and all similar caaes. 

19, Def. "When two or more velocities coexist in a point, 
ite actutd velocity is called their rmMaiii; and each of the 
coexisting velocities is called a componrnt of this resultant. 

20, Prop. The Parallelogram of Velocities. If tvo straight 
titus AS, AC, represent two co-existing velocUies, « and v, of a 
poml, and the parallelogram ABDC be completed, then the diag<maX 
AD mill represent the residiant veloeily. 




Since AB, AC represent the velocitiea ; if v did not exist 
and the point retained the velocity u for a unit of time, it 



would pass over AB (Art. 13) ; and if v. did not exist, and it 
retained v for a unit of time, it would pass over AC. We 
have to show that if it retain both velocities for a unit of time, 
it will move uniformly along AD and will pass over AD in 
the unit of time. 

We can represent the coexistence of the velocities by sup- 
posing the point to move along AB with the velocity u, whilst 
AB moves parallel to itself, with the end A along AG, with 
the velocity v.' 

\°. The point moves along AD. 

Aiter any time, f, let AB be in the position A'B', and the 
point in the position D'. 

Then A'D'=ui, A A' =vt; 

.-. AA' ■.A'B-=v:u=AC:CD, 
and LAA'D-= lACD; 
.: the triangles AA'D", and ACD are equiangular; 
.". LA'AD'= LOAD; ie. .li/X coincides in direction with ^4/). 

And this being so for all values of t, the point must travel 
along AD. 

2°. It travels uniformly along AD. 

For AU : AD=AA' ■.AC=vl ■.v=l:\; 
,; the distance traversed by the point in any time varies as 
tiiat time ; 

.-. the velocity along AD is uniform. (Art. 9. Cor.) 

3°. It will pass over AD in the unit of time. 
For at the end of the unit of time AB has arrived at CD, 
and the point has moved over AB, i.e. it has arrived at D. 
Hence it traverses AD uniformly in the unit of time ; 

.-. AD represents the resultant velocity. Q.E.D. 

Compositkm of Velocities. — The two velocities AB and AC 
'ore said to be compounded into the velocity AD. 




VELOCITY. 

21. BenolutioTi, of Vehdlies. — Let AB represent a. velocity v. 
Eeqaired two velocities, of which one shall he in a given 
? r direction XY, and tlie other per- 
pendicular to XY, and of which 
AB shall he the resultant. 

Dkf. The first of these is aaid 
to "be the resolved part of u in the 
direction XY. 

Draw AC, BC, parallel, and per- 
pendicular to XY. Complete the 
Fill ± parallelogram CD. 

The velocities represented by AC and AD will be those 
required- 

For they are in the required directions, and, by Art. 20, 
they wiL have the velocity repTeeented by AB for their re- 
fiultant. 

CoH. If ff be the acute angle of inclination of AB to XY, 
AC=v cos 6; .: V eae d is the resolved part of ti in tte givea 
direction XY. 



22, Let AB, CD represent the two velocitiee u and v, whose 
directions make acute angles, 6 and ^, with XY in opposite 
directions. 



Now if amongst velocities parallel to XY those are con- 
sidered positive which tend from left to right, and those nega- 
tive which tend from right to left; and amongst velocities 



ftr perpendicular 

''" J„ c 
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perpendicular to XY, those are considered positive whicli tend 
ipwards from XY, and those negative which tend downwards ; 
then it is easy to see that 

AB is equivalent to v. cos d parallel to XY, 

I and V, sin Q perpendicular 

I CB „ !( cos ^ parallel 

I and— t) sin <^ perpendicular 

\ whilst BA „ —u cos 9 parallel 

and— !i sin 6 perpendicular 
DC „ -V cos ■/. parallel 

and V sin ifi perpendicular 

23. The student will observe that there is a great similarity 
between the geometrical representations of forces and of velo- 
taties, and also between the compositions and resolutions of 
them. He must beware therefore of confusing them together. 
Thus he must not say that a point travels over a certain space 

tuxmnt of a particular velocity ; for a velocity is not the 
of a point's motion, but only the rate of that motion at 
any instant. 



EXAMPLES. -VI. 

(i.) A hody posseBsea velocities o-f 3 feat a socoud, and 9 feet a 
^■econd in directions at right angles to one another. What is the 
I resultant velocity I 

(2.) If a body is moving with a velocity of 6 miles on hour in a 
'aight line, making an angle of 30° to the due north direction, nnd 
1 nortJi and east, how fast ia it moving (1) northwards, (2) 



(3.) A shot ia fired from a ship with a velocity of 20 miles an hour, 
the gun being pointed in a direction making an angle of 45° with the 
ship's course, and the ship is sailing 5 miles an hour. What is the 
actual velocity of the shot 1 

(4.) The resolved parts of a velocity in two directions at right 
angles to one nnother are at any instant 2 and 3. Find the direction 
of its motion. 



r 



If at B subsequent iiiEtant they are 3 and 2, by how mach is the 
direction of motion changed in the interval " 

(5.) If two balls, radii r„ r„ be projected from points A and B, 
where AB = a, with velocities v,, r„ so that their directions make 
angles □, ff with AB ; show that the condition that thej' should just 
graze oae another is 

Buin of radii =n ■ , - ■ — : — ^ — 

If this condition be not Batislied, find the angle which the radii, 



24. Change of Felocit!/.^Let AB represent the velocity of a 
point at any mstant, CD 

\its velocity at any othec 
instant. 
Draw AE equal and 
parallel to CD, and com> 
^"'- *■ plete the parallelogram FS. 

Then the velocity CD, or AE, ia equivalent to the two 
velocities AB and AF. 

Hence the velocity at the second instant is equivalent to the 
velocity A£, which it had at the first instant, together with 
an additional velocity AF. 

Hence AF is said to be the change, or alieratim, in the 
velocity of the point, during the interval between the 
instants ; and the velocity is said to be changed in the interval 
by the velocity represented in magnitude and direction bf 
AF. 

The student must remember, then, that the change in a 
velocity during an interval ia not the difference between its 
magnitudes at the beginning and the end, unless the change 
is in the direction of the velocity at the beginning, i.e. uiile».| 
CD ia parallel to AB, and in the same direction as AB. 



y Thus, suppose tbat a point is moving in a path 
e APQB, and from A towards B. 




Let PT, QT be tho tangents to this curve at two points, P 
i Q. Then when the point is at P, it is moving for the 
instant in the direction PT, and when at Q, in the direction 
QT. 

Draw OH parallel to PT, and containing as many units of 
h as the velocity of the point when at P contains units of 
elocity. 

a OH completely represents the velocity at P. 
> Similarly draw OK parallel to QT to represent the velocity 

*o. 

Complete the parallelogram OHKM. 

Then, HK, or OM, represents, in magnitude and direc- 
tion, the change in the point's velocity during the passage 
ii-omi'to^. 



!8. Wlien a point is moving in one plane with a velocity 

g both in direction and magnitude, it is tedious to give 

\\. the direction and magnitude at every instant. It is easier 
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to suppose the velocity at any inBtant to be resolved into two I 
parts, one parallel, and the other perpendicular, to a gives I 
direction. 

Thus let OA', Oydenotetwo direo- | 
tions at right angles. 

Then we should give tie velocity I 

at any instant by saying that the j 

point had such and such a velocity J 
(x) parallel to OX, and euch and] 
such a velocity (j/) parallel to OY, 



27. Suppose a point is moving with velocities, represented I 
by AB, AC, at any two instants respectively. 




Complete the parallelogram ABCD; then, as before, AH 
represents the change in velocity during the interval between 
these two instants. 

Draw i)/'perpendicular to^5, or^i^produced if necessary ; 
then the change AI) is equivalent to a change represented by 
AF and a change represented by FD. 

So that we should say that, at the second instant the point 
was moving with a velocity AB±AF (+ for I, — for II) 
parallel to AB, and a velocity FD perpendicular to AB. 

In the special case, where the whole change AD is perpen- 
dicular to AB, AF vanishes, and there is no change in th« 
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velocity parallel to AB, Conversely, if there is no change of 
velocity in any particular direction, the change has taken place 
wholly in the perpendicular direction. 



EXAMPLES.— VII. 

(i.) A point is travelling at one instant with a velocity t; northwards, 
and at another with an equal velocity eastwards. What is the change 
in the interval ? 

(2.) A point is travelling at one instant with a velocity of 6 miles an 
hour southwards, and at another with a velocity of 4 miles an hour 
towards the N.E. What is the change of velocity in the interval ? 

(3.) The direction of a point's motion is changed by 30^, but its rate 
of motion remains unaltered. What has been the change in its 
velocity ? 

(4.) A point is travelling at the beginning of an interval with a 
velocity of 5 yards a minute, and during the interval its change of 
velocity is one of 6 yards a minute in a direction, which makes an 
angle of 60° with the initial direction of motion. What is the final 
motion of the point ? 




28. Whbk the velocity of a point is being cl 
of change of the velocity is called the acceleralim of the w 

29, The velocity of a point may be changing more rapidly ' 
at one instant than at another. Or when two points are in 
motion, and not mo\Tng each with uniform velocities, then at 
any instant the change in the velocity of one may be more j 
rapid than the change in the velocity of the other. We should J 
say, in the first case, that' the acceleration of the point's velo-J 
city at one instant was greater than at the other; and in tho I 
second case, that the acceleration of the velocity of one point 
was greater than the acceleration of the velocity of the other. 
Tlius we see that accelerations may differ from one another in 



30. For the phrase " acceleration of the velocity of a point," I 
we often use the shorter one, " acceleration of a point." 

31. If during any interval of time the acceleration of a pointi 
is the same at every instant, the acceleration is said to baV 
wniform, throughout that interval. If the acceleration at one 
instant is different from what it is at another, it is said t 
vary, or to be a variable acceleration. 

32. If the velocity of a point always changes uniformly, UlI 
if its acceleration is uniform, it is. easy to see that it will a 
equal velocities in eijual intervals of time. But the conversdl 




1^ of this, viz., that, if equal velocities are acquired in equal times, 
I the acceleration is uniform, is cot necessarily true. Thus, if 
T tie acceleration of a point is uniform and. of proper magni- 
■ tilde, it wUl acquire 5 units of velocity in every hour. (For 
instance, the point might be travelling with a velocity 8 at 
one moment, then an hour hence it would be travelling with a 
velocity 1 3, and at the end of a second hour it would be travel- 
ling with a velocity 18, and so on.) But if it acquires 5 unite 
of velocity in every hour, it does not by any means follow that 
its acceleration is uniform throughout an hour ; for at one part 
of that time the velocity may be changing more rapidly than 
I -at another, if only it manage to increase upon the whole ex- 
I actly by 5 units of velocity in the hour. If, however, it 
lacquired ^ of a unit of velocity in every minute, we should 
"ael more confident that the velocity was changing uniformly, 
l.snd Btill more so if it acquired -rj^r ofa unit of velocity in every 
^second ; and if, on dividing the time into equal intervals, as 
small as we pleased, we found that the point acquired an equal 
velocity in each interval, we should conclude that the accelera- 
tion was uniform throughout the whole time. We thus arrive 
Lat the following tesl for uniformity of acceleration ; — 

An acceleration of a velocity of a point is uniform when 
Squal velocities are acquired in equal intervals of time, howeeer 
~ lall. 



33. The student must notice the difference in meaning 
Hietween the phrases, " the velocity possessed at any instant," 
and " the velocity acquired during any interval," 

Thus, in the instance given in Art. 32, the point possesses 
at first a velocity 8, at the end of the hour it possessea a 
relocity 13, end at the end of the second hour it possesses a 
elocity 18 j and it has acquired during each hour a velocity 5. 

. We can indicate the magnitude of an acceleration by 
« phrase expressing the number of units of velocity which a 



point would acquire in some stated interval of time, during 
whicli the velocity changed uniformly with the acceleration 
indicated. 

Thus, we talt of an acceleration of " 7 units of velocity per 
hour," meaning that a velocity would change by 7 units in 
hour, during which it changed uniformly with the accelera- 
tion indicated. 

Now, if a foot and a second were the units of space and 
time, the phrase " 7 units of velocity " would be equivalent 
to the phrase a velocity of " 7 feet per second " (Art. 9). 
Hence we could indicate the above acceleration by the pbraee 
" 7 feet per second per hour." 

Again, in one second j^^ of a unit of velocity would be 
acquired with the above acceleration. Hence it might also 
be indicated by the phrases, " j/u, of a unit of velocity pee 
second," and "jjVtt ''^ * ^'^^ V^^ second per second." 

£x. I. A point possesses an acceleration of SO units of velov 
city per 75'. Wbat velocity will it acquire in an hour 1 

The point acquires 20 units of velocity in 75' ; 
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1 hour. 



Ex. 2. A point has the acceleration 7 feet per second per 
minute. What velocity will it acquire in an hour 1 

In one minute it acquires the velocity of 7 feet per second, 
and in 60' it acquires a velocity 60 times as great. 

Now, the velocity of 7 feet per second is that with which 
a paint would go 7 feet in a second ; and with the velocity 60 
times as great, a point would go 60 times as far in a second, 
120 feet in a second. Henc« the given point acquires in 
an hour the velocity of 420 feet per second. 




EXAMPLES.— VIII. 



■ (i.) A point is travelling with an acceleration of 20 units of velocity 
\ minute. What velocity will it acquire in an hour 1 

(2.) What velocity will a point acquire in half an hour whose 
acceleration is 15 teet per second per second I 

(3.) A point ia travelling with the acceleration of 12 feet per second 
per hour. What will be tho change in ita velocity in a minute ) 

(4.) A point's acceleration is the velocity 3 per second. What 
velocity per hour would represent this acceleration ? 

(5.) A train's acceleration is 5 feet per aecond per second. How 
long will it take to acquire a velocity of 100 yards per minute T ' 

(6.) A train acquires tJie velocity af 30 feet per second in an hoar. 
If its motion is unifomily accelerated, what velocity will it acquire in 
a minute 1 



36. By one acceleration being double another we understand 
that, if two velocities increase uniformly for any the same 
interval of time, one with one acceleration and the other with 
the other, then at the end of the interval the first velocity 
would have increased by twice as much as the other. 

Thus, suppose the velocitiea of two points originaUy were 

and 4, and, at the end of an hour, were 13 and 9 ; then, if 
ley increased uniformly, the acceleration of the first point 
would be said to be double that of the second at any instant 

Generally, if the acceleration of one velocity is a. times that 
of another, then during any given interval the change in the 
first velocity would be a times that in the aecond ; and we 
should say that the acceleration of the first cmtahted the 
acceleration of the second a times. 
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37. Ex. I. Show that the acceleration of 360 feet per second 
per hour is double that of 1 yard per second per minute. 
With the first a point would acquire in one minut* a velo- 
[rcitf of 6 feet per second, i.e. 2 yards per second, and this is 
louble the velocity of 1 yard per second. 



ACCELERATION, 

Hence in one minute a point would iicquire with the first I 
acceleration double the velocity that it would with the second.. I 

Hence the first acceleration is double the second. 

Ez. 2. Again the acceleration of 30 yards per minute perV 
minute is \ of the first of the above accelerations. 

For with it a point would acquire in one minute a velocity 
of 30 yards per minute, which is \ yard per second, which is 
J of the velocity 2 yards per second. 

Hence with this third acceleration a point would in one J 
minute acquire a velocity J of what it would acquire in the J 
same time with the first acceleration, '%.t. the third acceleration J 
is one quarter of the first. 




EXAMPLES.— IX. 

(l.) A point acquires 5 units of velocity per second, and another, 1 
fiO units per minute. Compare their acceleraCiona, supposiug therat I 
to he uniform. 

(2.) The acceleration of 30O yards per minute per minute is a qnar- J 
tec of the acceleration of one foot per second per second. 

(3.) The acceleration x feet per second per minute is double that of 
SO yards per minute per eecond. Find x. 

(4.) Show that the acceleration al a foot per second pec minute ie 
equal to that of a foot per minute per second. 

(5.) Find the ratio between two accelerations, one being 10 feet pw d 
second pec minute, and the other 300 yards per minute per minute. 

(6.) How many units of velocity an hour roust an acceleration be, ii 
order to be one-third of one of 7 units of velocity a minute ! 

(7.) How many times does the acceleration of 6 unite of velocityl 
per minute contain that of 2 unite of velocity per second ? 

(8.) How many times does the acceleration of 5 feet per second p«r ■ 
second contain that of 720 feet per minute per minute 7 

38. In Algtbra an acceleration must be represented by a I 
number, i.e. by its measure {Alg. Pt I. Art. 33), viz., tbe'f 
number of times it contains some known standard. 
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For the phrase "the acceleration whose i 
■often write " the acceleration a, ;" and we must then remember 
that this only means that a is the number of timea which 
the acceleration indicated contains (Art. 36) the standard 
aceeleration. 

The particular acceleration we fix upon as our standard is 
that with which the velocity of a point will increase by a 
unit of velocity in a unit of time. 

I, Prop. The measure of an aecderaivm. is equal to the 
of the velodiy acquired hy a ^vi in a v,nU of tvme, when 
the vdocUy of the point is changing uniformly with that accelera- 
tion. 

Let a denote the measure of the acceleration, i.e. let it 
contain the standard a times. Therefore, Art, 36, a velo- 
city, changing with this acceleration, would increase by a. 
times as great a velocity in one unit of time aa if it were 
changing with the standard. 
. Now with the standard the velocity would increase by one 
tnnit of velocity in a unit of time, and therefore with the 
[.acceleration a it will increase by a units of velocity in a unit 
I iof time, or in other words, a is the measure of the velocity 
t file point acquires in a unit of time. Q.e.d, 

I Cor, Suppose a velocity of a point changes unifcfmdy for a 
Itime ( with an acceleration a. By the Prop, the point acquires 
I'd units of velocity in each unit of time, hence in t units of time 
L it acquires a velocity it. 
I So that if v' denote the velocity acquired in time (, we have 

\ x/=a.t, or — =ci. 

I Conversely, if the fraction — is always the same for all values 

r of t (i.e. if f ' a t), we conclude that the acceleration is constant, 
Lor uniform. Thia includes the test of Art. 32. 
L Also, if u be its velocity at the beginning of the time t, its 
■yelocity, e, at the eiid=u-i-«', or v=^-^ai. 



ACCELERATION. 

40. Ex. I. If the unit of time be a minute and a foot the I 

unit of space, what is the measure of the acceleration of 40 ] 

miles per hour per hourl 

A point having this acceleration acquires in one hour 

a velocity of 40 miles an hour. 

i.e. „ 40x1760x3 feet „ 

40x1760x3 . , 

i.e. „ ■ „ a nunute, 

60 ' ' 

i.e. „ 3520 „ „ 

Now, a foot and a minute being units of Bpace and time, the I 

velocity of 3520 feet a minute contains 3520 unite of velocity^j 

Heuce the point acquires 3520 units of velocity per hour. 

. 3520 . ^ - 

i.e. -^-- „ „ mmut^ J 



Hence the 
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f the acceleration 
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Ex. 2. What velocity will a point having an acceleration 3 | 
acquire in 4 units of time t 
With the given acceleratioD 

it acquires 3 units of velocity in 1 unit of time; 
11 12 i> n ^ units „ 



EXAMPLES.— X. 



sure of the acceler 
IB the unit of Ci 



3 of velocity a 



(z.) What is the measure of the Acceleration 3 feet per Hcond per 
■econd, when a foot and a second aie Che unite of space and time t 

(3.) What velocity ia acquired in a minute by a. point wliose 
acceleration is 3, a minute heing the unit of time ? 

(4.) What velocity ii acquired in an hour by a point whow 
acceleration in 1 1 feet per second per second, a foot aud a second being J 
units of space and time ) 



^^~ (5.) An acceli 
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(5.) An acceleration of one unit of velocity per 7 aeeouda is the 
btMidard acceleration. What ia the meaBure of the acceleration 15 
imita of Telocity per 7 aeconds ? 

(6.) What will be the measure of the acceleration of 7 feet per second 
per second, when a yard per minute per minute is the standard ? 

(7.) What Telocity muat a point acquire in an hour in order that the 
measure of ita acceleration niaj be ^, when a foot and a second are 
the units of space and time I 

(8.) How many minutes will a body tak t q a I ty 1 
■ with an acceleration 5 ; the standard h g th It f S5 

■Suits of Telocity per 3' } 

I (9.) If 6 yards and 3' are the units of spa and t m wh t 1 ty 
irill a point acquire in half an hour with th a 1 rat n 7 7 

(10.) Two points moTe, one with the ao 1 mt n f 5 yards pe 
second per second, and the other with th 1 t 7 feet p 

minute per minute. By how much will th 1 t es diff (1) at 

the end of 5', when they start simultaneously ; (3) at the end of 1 
I from the starting of the last, when the first starts 3' before the second 1 
' (l t.) If half a minute be taken as the unit of time and a yard as 
the unit of space, find the numerical value of the acceleration 32 feet 
per second per second. 

(l 2.) If the acceleration of 30 feet per second per second be repre- 
sented by 5, what will be the measure of the acceleration 7 yards per 
minute per minute ? 



41. If the velocity of a point is decreasing, or being retarded, 
idl that WB have said la true, except that we should read 
"decrease" for "increase," "lose" for "acquire." It is better, 
however, in order that the propositions may suit both cnaes, 
to consider that when the velocity in a positive direction is 
decreasing, it has an acceleration in an opposite direction, 
which is represented by a negative symbol. 

And more generally we adopt the following convention : — 

Let velocities be considered positive when points are moving 
from left to right, and negative, from right to left. Then, if 

positive velocity is being increased, it is said to have a posi- 
iTe acceleration, if it is being decreased to have a negative 
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acceleration. If a n^ative velocity v, being numerically i 
creased (i.e. algebraically decreased), it ie said to have a 
live acceleration, and if numerically decreased {i.t. algebraica 
increased), to liave a positive acceleration. 



42. Thus, ifa point hare at any instant a velocity 10 from leal 
to right, and at the end of a Becond a Telocity 4 &om left t 
right, and at the end of another second a velocity 2 from right 
to left, we should say that it had at these three instants velo- 
cities 10, 4, and —2 respectively; and if further the change took 
place uniformly, we should say it had an acceleration — &« 
throughout the two seconds. H 

Again, if it had been moving at first with a velocity 1 2 frmjfl 
left to right, and at the end of a second with a velocity 5 fhna' 
left to right, and at the end of another second with a velocity 
2 from right to left, and if these changes took place uniformly, 
we should say that it had, at the three instants, velocities 
— 13, — 5, and 2 respectively, and that its acceleratji 
throughout the two seconds was 7. 

In both cases we have considered a second to be the u 
time. 

43. With the understanding that our symbols for velociti 
and accelerations, may be positive, or negative, the student ¥ 
find the following statement to be true : — 
. If a point have a uniform acceleration a fur a time i, i 
if M be its velocity at the Iwginning of the time, and % 
velocity at the end, then 



44. The two characteristics of an acceleration are its n 
tude and its direction. An acceleration cannot be said b 
completely determined until both these characteristics i 
determined. 
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V 45. Accelerations can Iw repreaented by straight lines. 

f Por a straight line can be drawn 

any direction, and thus can represent any accelera- 
tion in direction ; 

i£ to contain as many unite of length as the accelera- 
tion contains units of acceleration, and thus can 
represent the acceleration in magnitude. 

48. Since the number of units in any acceleration is the 
same (Art. 39) as the number of units of velocity, which 
would be acquired in a unit of time with that acceleration ; 
hence the acceleration of a point's motion at any instant, and 
the velocity, which the point would acquire with that ac- 
celeration in 3. unit of time, are represented by the same 
straight line. 



^ - EXAMPLES.-Xr. 

(r.) A point has at one instant avelocity 5. What velocity has it 3 
minutes afterwards, supposing it to move with an acceleration of 2 
feet per second per second, in the direction of its initial motion, a 
foot and a second being units of apace and time ? 

What would bo its velocity at the end of the 3 minutes, if the 
acceleration were in the direction opposite to that of its initial 

L(2.) An acceleration 5 ia represented by a line 10 inches long. 

■IFhBt len)^ of line will represent an acceleration S ! 

P {3.) If the acceleration of 4 loiles per minute per minute towards 
the north be represented by 5, how would you represent the accelera- 
tion of 2 feet per second per second towards the south 1 

(4.) Given that a certain line containing 3 inches represents the 
acceleration B miles per hour per hour towards the east ; how would 
you represent the acceleration of lOD yards per minute per minute 
towards the north-east ? 
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rith reference ^ 



47. We have defined our unit of acceleration with reference 
to the units of velocity and time. Hence, if these be changed, 
the acceleration taken aa our standard must genendly be 
different, and therefore the loeasure of each particular accelera- 
tion will be changed. 

Further, the unit of velocity depends on the units of space 
and time. Hence, if these be changed, we must generally 
take for our standard a different acceleration, and then the 
measure of each acceleration will be changed. 

48. Prop. GKven the measure of any accderatmt wiih certOM 
(old) wiifo of space and lime, to find Ihe measwe of the 
aeeeleralion wilk amy other (new) units of ^ace and Hnte. 

Let a be the measure of the acceleration with the old ui 
Let a and b denote the number of times, respectively, whlol) 
the new units of space and time contain the old. 

"Witli the acceleration we are considering a point will acquirs 
a old units of velocity in one old unit of time ; 

i.f., Art. 16, — new units of velocity in one old unit of time ; 
and , ■. 6 ■ -»- new units of velocity in one new unit of time j 

but, hy Prop. Art. 39, the measure of the velocity acquired ii 
a unit of time is the measure of the acceleration ; 



(a') of the acceleration required^ 

Hence, if the values of any three of the symbols, a, a', a, b, an' 
known, the value of the fourth is found &om tha equatioit 



49. £x. I. What is the measure (a) of the acceleration l 
feet per minute per minute, when a yard and a second are 
taken as the units of space and time t 



^^ If a foot, and 
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If a foot and a minute were the old units of space and time, 
the measure of the velocity acquired in a minute would be 7, 
and therefore the measure of the acceleration would be 7 
(Art. 39). 

Also the new units of space and time given in the quea- 
E^on are respectively 3 times and -^ of these old units ; 

.■., putting a=7, ^=p?j , a=3, we have 



10800 

Ez. 2. If the "acceleration 10 feet per second per second is 
[ ttpresented by 12, and a minute is the unit of time, find the 
if space. 

If a foot and a second were the units of space and time, the 
asure of the above acceleration would be 10. 

a feet be the new unit of space. 
Then if a feet and one minute are the units, the measure of 
B acceleration is 12; also r=60'. 
Hence we can put q=10, ci'=12, i=60; 
MO 36000 



, 12=- 



= 3000. 



Hence a length of 3000 feet is the unit of length. 



EXAMPLES.— XII. 

(i.) What 19 the neaaure of the acceleration 33 feet per second per 

cond, when 3" and 3 ynrds are tlie units of time and apace ? 

(2.) If a minute be taken as the unit of time and a velocity of 60 
miles an hour as the unit of velocity, what will he the measure of the 
acceleration, whose measure is 33, when a foot and a second are taken 
as the units of apace and time \ 

(3.) If 3 be the numerical value of that acceleration with which 
n 3 aeoonda a velocity of 3 feet per second is acquired, what hns been 
^en M the unit of space, if 5 seconds be the unit of time 1 




I 



{4.) If wt Mxxltniioa be rvprcsoited bj Uk nne Bomber when 

(5.) ilghiOte memme oT m aneOentiaB wfaa h Mcoodi and n 
die nub of lim« *^ space, dta* Oat tk iiiiMiim iif llm 

wxdentKM, vben « MMndc aad a feet uc ifca Biuta, ia g^- 

(6.) Tttt mtmun* of an aeeeletatkni and a rdoatj- vbm w fiB TCd 
to(a+ft)fL, rM+>i)'and(a-b)fL, (■i-m)*T«q)eetir^areiiiiiii 
tatio of their measures when referred to (0-6) (L, (■»-»)" 
(a * b}fL, (m + n)"i tlieir meeaorea when tefeired to a (t, m" and (fL, M^j 
are aa taa : iA. Show tliat 



i-y- 



6< 






(7.) If the nnit of velocity be the velocity with wlucb a pcnnt pfoa 
orer a feet in ( Kconds, and the unit of acceleration that of a pcnnt 
vhicb Bcqnirea in t seconds a velocity of h feet in I seconds, find the 
unit* of apace and time. 

(8.) Show thaltheunitof Bpace viuies,diKctly as the unit of space, 
and in the inveise daplicate ratio of the unit of time. 

(9.) A point, having a certain acceleration, in 8' acquires a velocity 
Kpmented hy 5 feet per 3 seconds, and, when the unit of length is ^ 
of what it was before and 4 seconds the unit of time, the meaaare of 
the acceleration is 20 ; find the number of feet in the unit of length 
in the fir«t case. 

(10.) If the acceleration of 32'S feet per second per second be taken 
oalheunit of acceleration, and the velocity of 32'2feet in 16'1 secoiidsi| 
aa the unit of velocity, what are the unita of space and time r 
tively? 

60. We liave seen, in Art. IS, bow a point may be cow 
aidered as having, at any iastant, two or more velocities iqf 
different diriictions. 

We may now go further and suppose that the velocity in any 
one, or more, of these directions is being changed. Then the 
rule ut which it is being changed is called the acceleration of the 
velocity of the jmint in that direction ; or more shortly, thoogli ■ 
Inaccurately, the acceleration of the point in that direction. jH 



^^ For exam; 
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For example, it miglit be convenient to regard the velocity 
point, at any instant, as made up of two components, one 
direction XS and one in direction YT. Then the rates, 




t which these velocities are changing at the instant under 
Consideration, would be called the accelerations of the point 
a these directions at that instant. 

Further, it might happen that at any instant the actual value 

f the velocity in the direction XX might be -ml ; so that the 

j»int would be moving in direction YY, but might possess 

celerations in the directions both of YY and of XX. 

The student will thus see how a point can be considered as 

having accelerations in different directions at once, and also 

that it may at the same instant have a direction of actual 

J .motion different from any of these directions, 

61. In Art. 50, suppose at any instant that u and » were 
3ie velocities in the directions XX, YY, and that for a time 
e point possessed uniform accelerations, a, ^, in these direc- 
18. Then at the end of the time t its velocities would be 
«+ai in direction XX', and 
v-\-pt „ YT. 

a that the actual velocity at the beginning of the time would 
a found by compounding u and v according to the Parallelo- 
1 Law in Art. 20 ; and, at the end of the time, by com- 
M + ai, v+jit. 



A CCELERA TION, 




fi2. Def. When a point possesses at any instant two or mon 
accelerations, the actual acceleration is called their rAyuitoit^a 
and they are called the amipoitents of this resultant. 

83. Prop. The Parallelogram of Accelerations.— i/ , 
straight lines AB, AC, represent two aaxleraiions possessed by d 
j)oini at any instard, and Ike parallelogram ABDC be con^Uiei,M 
then AD wUl represent the resultant acceleration. 

Q Q Since AJB, AC represent 

the accelerations, they repre- 
sent also (Art. 46) the two 
velocities which would be 
acquired in a unit of time 
with those accelerations. 
F'o. ft That is to say, at the end of 

this unit of time any point would, with these accelerations, have 
acquired two additional velocities represented by AB and AC, 
The resultant of these velocities, Art. 20, is represented \fj 
AD; .: j^Z* represents the resultant change of velocity acqui 
in a unit of time, and .',, Art. 46, it represents the results 
acceleration, q,e.d. 

Composition of Acceieraiums.—'Thft two accelerations AB & 
AC axB said to be compounded into the acceleration AD. 
54. Resolution of Accelerations. — Let AB represent any accek^' 

X Y ration, then the resolved part of AS 

in any direction, XY, is the name 
given to the acceleration in tJie 
direction XT, such that it and a 
certain other, perpendicular to XTf 
have AB for the resultant. 

Describe the rectangle ACBD 
having one side AC parallel to 
XY, and AB for a diagonal. Th^ 
.^(7 and j^i) have AB for their resultant, and therefore j4Cf-. 
represents the resolved part of AB in the direction XY. 




I 
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^f If a represents AB, and B the acute angle it maieB with XY, 
then a. cosfl is the measure of this resolved part. 

The Bign to be pre&xed to a cosd must be determined as in 
Art. 22. 



EXAMPLES.— XIII. 

(i.) A point's motion is changing with the accelerations 3 and 4 in 

Vtwo directions at right angles. Determine the resultant acceleration. 

(z.) A point has an acceleration 10 towards the east, and another 

LJ2 towards the north. At noon it is moving with a velocity 100 

Ktowarda the east. How is it moving at 12.15 f.u., a foot and a second 

ing the units of apaoe and time ? 

(3.) A point starts with a velocity 60, and always has an aocelera- 
n a direction making an angle 30 with its initial direction of 
' motion. How is it moving at the end of 10 units of time after the 
instant of starting ? 

(4.) At one instant a point is moving with a velocity of 5 feet per 
second, and (having a constant acceleration all the time) 10" after- 
I wards ithaa an equal velocity in the direction perpendicular to the 
What is the acceleration I 



m.— UHIFOBULY AOCELEEATED MOTION. 



B that duiTDg any interval of time (, the velocitjf. 1 
of a point is uniformly changing in magnitude with an at 
tion a, whilst the point traverses a space s in the direction o 
this velocity, and that at the beginning and end of the interval J 
the measures of the velocity are m and v. 

Then we have already found, in Art. 39, Cor., the relatioa 

We proceed to find the relations into which s enters. 



56. Divide the interval t into n equal intervals, c 
which the length is t, so that l=nT. 

The velocities at the beginnings of these intervals will b«'l 
«, M+ar, M+a.2r, . . . , tt+a.^^lr; 
and the velocities at their ends will be 

U+ar, u+a.2r, . . , , M + a.7i-lT, tt + n.nr. 
I. Suppose the point to move during each interval with t 
velocity it has at the beginning of that interval, then t 
whole space passed over would be 

«T+(«+a.T)r+(M+a.2T)T+ etc. +{M+a.^^l.T)T 
=w.«T+ar*{l+2+ . . . +7^1) 



=imT+-^n— 1) 



[ 
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n. Suppose the point to move during each interval with 
the velocity it has at the end of that interval, then the whole 
space passed over would be 

(u+ar)T+{M + a.2r)T+ etc. +(M + a.nT)T 
:TOr+aT'(l + 2+ . . . +w) 



r 

^F Now the space (s) actually passed over must lie between these 
twO' expressions, whatever n may be, and since when n is 

ey both become v^-^~n , we have 



=u.n.r+^-n{n+l) 



=iU+^{l+- 



57. We have v=u-\-oi, or (ii=p— m, 
ands=U+^Ji; 

_V+M V—U 



58. These three, v=u+at, .... (i), 

s=w(+K . . . (a), 

v'=u' + 2as, .... (3), 

the fundamental formulae for uniformly accelerated 

liotion. We will give some examples of their use. 
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B9. A caae of uniformly accelerated motion, which very' 
frequently occure in nature, is that of a body moving vertically 
upwards or downward*. 

When a particle is falling vertically downwards towards the 
earth, it is found by ezperiments, Gome of which will be eub- 
aequently explained, that the particle has a uniform accelersr- 
tion, such that during every second of its motion it acquires 
an additional velocity of 33'2 feet per second. 

Thus we say that the acceleration of a falling body is 

32'2 feet per second per second downwards ; 

and that, a foot and a second being the units of space and 

time, the measure of the acceleration of a falling body is 32-9 

downwards. This number we generally represent by j, 

A particle thrown vertically upwards has the same accelent- 
tion. So tliat, if we represent the velocity with which it 
when thrown upwards by a positive symbol, we must repre- 
sent its acceleration by —g, a foot and a second being units. 



60. Ex. I, A point is thrown upwards with the velocity of 
100 feet per second; find, 

(1.) Ite velocity at the end of 2'; 

(2.) The time of rising to its greatest height ; 

(3.) Its velocity at the end of 4'; 

(4.) When it will be at a distance of 100 feet from tha 
point of starting ; 

(5.) Its velocity when at a distance of 150 feet from tha 
point of starting. 

Here weputM=100, a=-32'2, or — y. 

(1.) The velocity (f) after 2" is obtained from the formula 
ii=u-|-(ii, by putting i=1 ; 

.: »/=100— (32-2)2=36-6; 
i.e. ftt the end of two seconds it has the velocity of 35'6 fi»et 
per second upwards. 



1 
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■ (2.) Let % be the niimljer of seconds which elapse before it 
tnes to its greatest height. When it is at this height, it is 
t rest; .■. in the formula ji=M+ai, by putting p=0, we have 



0=100~(32-2)O .-. ^ 



100 



, it takes S'y'^'j- to reach its greatest height. It tlien begina 
\ to descend. 

(3.) Put (=4; its velocity (w) at the end of 4" is given by 

i;=100-(32-2)4=-28'8; 
I. it then has the velocity 28'8 feet per second downwards. 
(4.) Let i be the number of seconds which elapse before it is 
■Iri: a distance of 100 feet from point of starting. 

Then, in the formula s=M/+Jai', putting s=100, we have 

100=100(-i{32-2)iS 

or (16-1)C-100(=-100. 

Solving this quadratic in t, we have 

,_50±10 V8^ 

'- 160 

Giving the square root the approximate value 3, for the sake 
I of example, we have (=4|^J, or IxVf 

Thus it will be at a distance of 100 feet from the point of 
starting after I't^, and again after 4° ^^, from the time of 
starting, approximately. 

(5.) Let V be its velocity when at a distance 150 feet from 
>oint of starting. 
Then, in the formula i''=«' + 2aj, putting 5=150, we have 
=(100)*-2{32-2)160=340; 

.-. i»=±V340: 

' Hence it is twice at a height of 150, once going upwards, 
md once coming downwards, and at both times the magni- 
tude of its velocity is the same, viz, V340 feet per second. 

. A point starts from rest, and has the acceleration 40 
Ht per second per second, find the distance it traverses in 
~ e fourth half-second of its motion. 
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By the phrase '^sbuts &om rest' is meant that its i 
Tdocitf (m) is aero. 

Take a foot and a eecond as naits of epace and time. 
Let z be the number of feet trareised in \\ from reeL 

^ .. „ r „ 

Then i"— x represents the diftimce re>qtiii«d. 
Id the formula i^^-\-\^, putting, 

(1.) j=x, 11=0, *=*0, /=!-, we have 



(2.) t=^, «r=0, a=40, f= 



". Uie point traverses 35 feet in the given int^iraL 



EXAMPLES.— XIV. 

[A loot and aseccmd are taken as the units of space and time nnleaJ 
it i«odwrwue stUed.] 

(t.) A partide drope raticaDj frtm nat. What viQ be its veloei^ 
(I) at the end of 10* ; (3) when it hM tnTemed 60 feet f How &r 
win it go (3) in the Gnt 10" <£ Mat motion ; (4) ia the aeoond KTl 
(5) How Eu matt it go beliM« it haa a velocity 100 ) 

(3.) Apoint islhrowndownwaidswithavelodty Gl''l(=3;}. Hoir 
br mmt it go befbn U has aoqnired a vdoci^ 4; ) 

(3.) A bodj ttarta with aTelodtjS.andhaaaoonslaiit acceteAtua 
10 in the direction of its motion. How Eu will it go in liT I Hoi^ I 
k^ win it take to go 10 ft) 1 

(4.) A bodyataita with a Telocity 15, and has a constant aocelentioal 
& in the <^ipodle direction. When and where will it oome to teat t ' 

(5.} A hod; ii thrown apwaids with a relocit; SO. When will it 
hkTe a rekdtj whose nugnilade is represented b; 30 1 

(&,) A bod/ starts with a certain velodt; and mores with a ooa- 
Mant Meelefaiiou 10 in the direction of ita initial motion. In &" ife I 
haa tanned 450 feM. What is its initial relocil; ! 
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^P (7.) A point, Btarting with a Telocity of 40 feet per aecond, tra- 
"■ TBiaes 300 feet in 6' with a constant acceleration in the direction 

of initial motion. What is the magnitude of this acceleration I 

(8.) A point moves with nniform retardation over 100 feet in 12", 

■tarting with a velocity 10. When and where will it come to rest! 

»(9.) A point has deaoribed 30 feet from rest in 3". Find the ac- 
oeleration (supposed unifarm) and th'B velocity acquired. 
(10.) A small body thrown upwards passes the point 20 feet from 
the point of starting with a velocity 55 feet. How much farther will 
it go, and what was the velocity with which it was projected ? 

(II.) Two bodies fall from heights of 20 and 30 feet, and reach the 
ground siniultaneously. What was the interval between their start- 

»ing? 
(12.) A heavy particle is dropped from a given height h, and at the 
same instant another particle is thrown vertically upwards so that 
they meet half way. Find the velocity of projection of the latter 
particle. 

(13.) A stone is dropped into a well, and after 3 seconds the sound 
of the splash is heard. Find the depth of the well, supposing that 
the velocity of sound 1000 feet per aecond, and that the atone will fell 

tl6'l feet in the first second. 
(14,) If Sr be the space described ty a body, moving with a uniform 
toceleration □, in the r** unit of time, show that -^ must be an odd 
hai 



(r;.) During any nnifonnly accelerated motion, the space deaoribed 

any interval of time is the same as might he described by a body 
moving uniformly with the mean of the extreme velocities. 

(16.} The path of a body uniformly accelerated is divided into a 
nuraber of equal spaces. Show that, if the times of describing these 
spaces be in A.P., the sums of the greatest and least velocities for 
tach such space respectively are in S..F. 

(17.) A body moves from rest with an acceleration, which remains 
during certain successive equal intervals of time, hut is 
changed at the expiration of each such interval, so that the space 
described in the n"" interval is always - ^^^,— times the space de- 

tcribed in the first of them. If the velocity acquired at the end of 
e first interval be f, show that after a long lapse of time the velocity 
iproachei a uniform velocity 2f . 



spa. 

^Leact 
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(iS.) One particle deacribes the diameter AB of a circle with uni- 
form velocity, and another the semi- circumference AB with uniform 
taDgential acceleration, they start together &om A and arrive together 
at £ ; show that the velocities at £ are n« 1 : n-. 

(19.) A particle fuEs freely ia the 11" of a second through a apace 
a ; what must bo the unit of length ) 

(20.) If the unit of velocity be that which describes m units of 
Bpace in the unit of time, and the unit of acceleration be that which 
produces n units of Telocity in the unit of time, how must the equation 
»=]?(-(- Ja(' be modified? 

(31.) A body moves from rest with uniform acceleration over IS 
yards in 3 seconds, find the space described in the last second. 

(2Z.) A particle moves with a constant acceleration a. If u be the 
arithmetic mean of the first and lust velocities in passing over any 
portion K of the path, and v the velocity gained, show that livah. 

(23.) If a body describes 36 feet whilst its velocity increases nni- 
formly from 8 to 10 feet per second, how much farther will it ba- 
carried before it attains a velocity of 12 feet per second 1 Bequired 
also the magnitude of the acceleration. 

(24.) A point, moving with a uniform acceleration, deacribea 20 foet 
in the half second which elapses after the first second of its motion. 
Oompare its acceleration with thnt of a falling particle, and give its 
numerical measure, taking a minute as the unit of time, and a mile as 
that of space. 

(25.) If a body be projected upwards with a velocity mj (where g ii 
the measure of the acceleration of gravity), when will its height be tjj, 
and what will then be its velocity ? 

Show that n must not be less than 2. 

{26.) A body describes 100 feet from rest, and acquires a velocitj 
of 40, with a uniform acceleration S, in 5 seconds, what have been taken 
as the units of space and time } 

{27.) A point A starts from a given point with uniform acceleration, 
and afterwards another B from the same point with a greater accelera- 
tion ; show that the difTerence of the final velocities when £ overtakM 
il is to the less of the two, as ^'s velocity when B started is to Ihft 
velocity acquired by A in the remainder of the motion. 

(28.) A point moves with uniform acceleration, and describes U 
feet in the second half-second of it« motion, and, at the end of that 
htdf-*ec(md, ia moving with the unit of velodty ; if a yard be the unit 



i 
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space, determine that of time and the numerical value of tJie 
acceleration. 

(zg,) A bodj falls through a feet and acquires a yelooity h, with a 
uniform acceleration /, in f BeBOnda, what are the units of time and 
length ? 

(30.) A body 13 observed to describe in successive intervals of 2" 
each the spaces 24 and 64 feet in the same sttaight line ; show that 
the acceleration may be constant, and find ita measure. 

(31.) A body atarta from rest under a uniform acceleration, but at 
the commencement of each successive second the acceleration ia de- 
creased in a geometrical proportion (7 = 4) ; show that the apace 
described in n seconds =(2n — 3 + — 12i, whore s ia the space de- 
scribed in the first second, 

(32.) If o„ be the velocity, at the end of w seconds, of a body which 
has an initial velocity, and a uniform acceleratioDj and iS„ be the space 
iribed during n seconds, show that 



+ 1 



-1 



61. Suppose that a point moves so as always to remain in 
Sie plane, and that its motion has a constant acceleration. 

Let OX, OY be two fixed straight lines in this plane. Then, 
ince the acceleration ia constant, it can always be resolved 



iBto the same two components parallel to OX and OY. Let 
3 be their respective values. Let A be the position of the 
tnt at any instant, and B after an interval t. Let its velo- 
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city when at ^ be equivalent to the two components 
parcel to OX and OY. 

Draw AG parallel to OX. 

Then we can make the point execute Ita motion by 3uppoB-' 
ing it to move along AC with an acceleration a, starting from 
A with a velocity u, whilst AC remains parallel to itself, with 
A moving parallel to OF with an acceleration jS, starting from 
its initial position with a velocity v. For then the point will 
have its proper accelerations in these directions, and ita proper 
initial velocities. 

Draw BM parallel to OF, meeting the initial position of A(y 
in M, and complete the parallelogram AMBN. 

Then BM, or AN, is said to be the distance of B from the 
initial position oi A measured parallel to OY, and AM, or BN^ 
its distance measwed parallel to OX. , 

Now when AC has arrived in the ]j38ition NB, i.e. when A 
has travelled over AN from its original position to N, tha 
point is at B, i.e. has travelled along AC over a distance AJif. 
Hence, AM=ui+^at*, 
AN=vl-\-l^P. 

Also its velocity at B will be equivalent to two components, 
one, parallel to OX,=M+a(, 
and the other, parallel to OY, = v-\-^t. 

Hence we can find, separately, the motions of the point at 
any instant, and the spaces traversed by it in any time, parallel 
to two given directions. 

The student must he careful to note that the point does not 
travel along the straight line AB, unles a=Q, and ^=0, or 
M=0, and f =0. 

62. The following are particular cases to which we shall 
recur : — 

(1.) Let 11=0, and a=0. Then AM=ut, 
AN=^pt\ 
Here AM ia the direction of motion of the point when at Ap 



] 
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and OY is the constant direction of the. acceleration of the 
motion of the point throughout the whole interval. 

Thus the point starts from A with a velocity of which the 
direction is not coincident with that of the constant accelera- 
tion. 

(2.) Let XOZbe a right angle, and i;=0. 
Then AM=ut+^at* 
AN=ipiK 

Here AM is the direction of motion of the point when at 
A ; and the point can be regarded as having two co-existing 
accelerations, one in the direction of motion at A, and the 
other perpendicular to it. 



-ANGULAR VELOCITY AND NOEMAL 
ACCELERATION. 

63. Angvlar VdocUy.—Let ^ be a fixed point, AX a fixed'l 



straight line, and let P t 



g point. 



a moving p 

Then, if P moves so that the angle 

X PAX is being changed, P is said to 

have an angular motion with respect to, 

or about, A ; and the rate at which the 

angle PAX is being changed is called 

'~ the angular velocity of P with respect 

'»•>■■ to^. 

The only way in which P can move, so as not to have thii J 
angular motion, is along AP. 

64. The unit of angular velocity is that angular velocityj 
with which a moving point will pass through a unit of angle infl 
a unit of time, about a fixed point. 

65. As in Art. 9 it can be shown that, if lu be the measum.] 
of any particular augular velocity, then with it a point v 
pass about a fised point in a unit of time through t 
whose measure is <o, and in & time t through an angle whos 
measure is lat. 

66. Also, aa in Art. 16, if to be the measure of any part£^' 

Jot 
cular velocity with certain units of angle and time, then — 

is the measure of the same velocity with units o 
time a and b times the former. 



I 



ANGULAR VELOCITY. 



As in theoretical matheiiLH,tic3 ve usually^ adopt the circular 
Byetem for measuring angles, and a second for our unit of 
time, it generally comes to this, that the angular velocity, 
■with which a point will pass in a second through a unit of 
circular measure about a fixed point, is the unit for angular 
Tolocities, 



67. Prop. Apoini is tra/iidlmg, in a drde of radius a, mith an 
velodly <» about the centre C, and vAth a linear veloeiiy v 
g the dfrcumference. To show that v=aM. 
! the point to travel with these 
■Velocities for any time t, and let AB \ 
f the distance it goes in this time, then 
the measure of AB-=vt, and 
the measure of AC£=ia[. 
But from Trigonometry 
AB=a.ACB ■ 




t the measure of the angular velocity about C=~ ■ 

Coa. Generally, let A be any fixed / 

^int, P a. point moving with a velo- / 

in a direction making an acute '\i/ 

i> with AP. / 

r be the measure of AP. Fi" '*■ 

Then v is equivalent to f 1) v cos^ along AP, and 

(2) V sin^ perpendicular to AP. 

Now the component (1) has no connection with the angular 
y about A, which is therefore the same as if (1) did not 

ifit and P were moving perpendicularly to AP with the 



Hence the angular velocity of P about A = 



ANGULAR VELOCITY, AND 



68. Ex, A point P is moving in a parabola, with a consta 
angular velocity about the focus S\ show that tlie linear v 
city ocfi'i**. . - ■ 

The direction of motion of P ia tlwB 
tangent to the parabola at the poa 
tion P. 

Let A be the vertex of the parabolic J 
SI' the perpendicular from S on t 
tangent at ¥. 

Let (u denote the angular velocilyfl 

i> the linear velocity of the poii^fl 

when in any position P. 

The component of « perpendicuhrfj 




\a SP=x,.smSPY=->s: 



SY 
SP' 



v.-jAS.SP_v.^AS, 



Hence, —i-j^ being a constant, v oc SP . 

89. Normai aeceleration. — Let a point be moving in i 
plane curve APQB, and let P, Q be two adjacent points on AM 
and PT be the tangent at P. 

Then PT is the direction of motiof 
' at P. 

Then, when at P, the point lias I 
velocity perpendicular to PT. Let 1 
be its velocity, and a, fi the two conl 
ponents of its acceleration along, { 
perpendicular to, PT. 

We call a the tangential, and jU tha^ 
n of the point when at P. 




normal, acceleratio 



NORMAL ACCELERATION. 
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and 



, „ r be the greatest, and leasts "^ paj 

Q' ' «* I "^ *^^ components of tlie V and perj 

' " (. acceleration during t, ) to 



Draw OX perpeii- 



parallel, 
perpendicular, 



M+M.I', . 



and- 



(.), 
(=). 



Let i be the time of going from P to ^ 
' aicular to TT. 

! the greatest, and leasts "] 

F the components 
acceleration during i, 
Then a. lies between a' and a", 
^' „ ^■ 
Also P7'>v/+Jo"(' and <!)(+^ar, 

er>J^r and <i^/3r, Art. ( 

PP 2v' 2m', , a'' 

■ Now let t be endlessly decreased, then FT and QT are also 

iodlessly decreased and -^=- becomes equal to 2p, p being the 

dius of curvature of the curve at P. {Frost's Newton, Art. 78.) 
Again, the interval of time being decreased, the values of a', 

a° must become closer, and therefore their values must both 

ultimately become equal to a; similarly ^', jS° must both 

ultimately be equal to j8. 

Hence the right hand sides of both (i) and (2) must ulti- 
, 2w' „ 2»' o i;' 

mately bo equal to "g" J ■'- ^P~~r' °^ '^~~d' 

Bewx the point's Tnoiwn has at F a nvrmai accelefraikm, whose 

wholly independent of any acceleration in the 

direction of the tangent which the point may happen to 
have. 



mateiy 



70. Er. Let a point bo revolving in a circle of radius a with 
the uniform velocity v. Then at every instant it has an 
acceleration — towards the centre ; and, since its velocity is 

nstant, it baa no' acceleration in the direction of the tan- 



NORMAL acceleration: 



gent. Hence this normal acceleration, — , is its total, or ro;^ 

Bultant, acceleration. Tliia is Newton's Fourth Propodtu 
in Section II. 

Further, let cu be the measure of the angular velocity aboot^ 
the centre, then v=aui\ 

.: the measure of the normal acceleration = =< 



1, MlCl 

ledjM 



EXAMPLES.— XV. 
(l.) If the angular velocity of a wheel 6 feet in diameter, traTeUii)| 
oniformly ii miles an hour, be — , find the unit of time. 

(2.) A point b moving along a straight line. Determine the 
nection between its linear velocity and its angular velocity about 
fixed point when at a ^ven distance from that point. 

(3.) A point is moving in an ellipse with uniform an^Iar velodtj 
about the centre. Determine tbe velocity when in any position, Kiicl 
the normal acceleration. 

(4.) A point IB moving with uniform linear velocity along the 
oumference of a circle. Determine its angular velocity about a 
in the circumference. 

(5.) A point is moving in a parabola with uniform angular velocity 
about the focas. Determine its angular velocity about the vertei, 
and the normal acceleration at any point. 

(6.) On a straight railway, on tbe side of which is a line of tele- 
gtapb posts at intervals equal to their distance ft'om the rail, a ttnin 
passes a post every second. Show that its angular velocity about 
any post is - — ^, whore ( is the time since passing it. 

(7.) A point moves in a circle with uniform velocity. Determine the 
velocity with which it is approaching a given point in the circle at a 
given instant, and also the acceleration of its motion towards t 
point at that instant 

(8.) .i is a fixed point in a circle on which the point P n 
uniform velocity. Sho.w that the apparent angular velocity of P ab< 
A is consta:it, and is equal to one-half its angular velocity about tl 
centre of the circle. 



v.— KELATIVB MOTIOH 



71. Def, a point is said to be in motion relatively to 
another when either its distance from the second, or the direc- 
tion of the line joining it to the second, or both, are being 
changed, 

72. To judge of iie motim of a point (P) relatively to another 
(Q) at any instant. 

Let ^, S be the positiona of 
the two points at any given 
instant, and suppose that their 
velocities are then such that, if f 
they remained the same fo: 
time t, the points would mc 
over Aa, Bb. 

Produce AB, ab (if neces- 
sary) to meet in C. Then t 
motion of P relatively to Q ^°- ", 

at the given instant is such that, if it continued for a time /, 
the distance of P from Q would be changed by AB—ab, and the 
angle between the line joining them, by ACb. 

If ab is parallel to AB, the angle ACb is zero and A is said 
to have no angular motion, at the instant under consideration, 
relatively to B. 

It will be observed that the motion of B relatively to A ia 
the same in magnitude as that of A relatively to B, only in the 
opposite direction, 
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RELATIVE MOTION. 



73. Prop. The Bflative Motions of a number of Pmrtls, at any 
inatani, are not altered hy impressing, on each, any the same addi- 
tumal vdocUy. 

For consider two points, P, Q. 




At any given instant let the positions of P and Qhe A and 
B, and their velocities such that, if they remained the aame for 
any time /, P and Q would move to re' and b'. 

So that AB—a'h' and the angle between the directiona i 
AB and a'h' would represent the change in their relative 
positions after the time t. 

Kezt, at the given instant let equal velocities be im 
on P and Q in the same direction, and suppose they a 
that with them alone P and Q would move over Aa", Bl/ % 
time /, 80 that Aa", Bb' are equal and paralle 

Complete the parallelograms -^a'aa", Bt'Sft". Then P and || 
would now move over Aa, Bb in the time ( (Art. 20) ; 
AB—ab and the angle between the directions of AB and ah 
would now represent the change in their relative positiona. 
But Aa', Bb' are equal and parallel ; and aa' ia equal and 
parallel to Aa', and hb' to Bb'; therefore bb', aa', and therefgf 
ab, a'b', are equal and poroJIel. Hence in both cases the cl 



bherefgf^H 
echani^H 



in the relative positions of P and Q, in tlie interval (, wonld 
be the same. Hence (Art, 72) the relative motions of P and 
Q at the given instant are the same in both cases, i.e. they are 
not altered by the same velocity being impressed on each. 

Cob, If the additional velocity be equal and opposite 
to the velocity of one of them, that point is at rest for the 
instant. 

Hence if we require the motions of any points relatively to 
any other moving point P dnring any interval, we suppose 
that at each instant every point has an additional velocity 
equal and opposite to the velocity of P at that instant. P 
may now be considered as fixed, and the motions of all the 
rest may be calculated by any method which we may have 
for determining the motions of points relatively to a fixed 
point. 



74. When P is moving during any interval with a varying 
velocity, then the rate of variation, or in other words the 
acceleration, of the additional velocity, which each point is to 
be supposed to have, is equal and opposite to the acceleration 
of P'% velocity. For the additional velocity must vaiy in the 
same way as P's, i.e. it must have an equal acceleration. 
Hence, to suppose that at each instant every point possesses 
an additional velocity equal and opposite to that of P at that 
instant, is the same thing as to suppose that throughout the 
interval every point has an additional velocity equal and 
opposite to that of P at the beginning of the interval and an 
additional acceleration at every instant equal and opposite to 
that of P at that instant. 

If we suppose that the additional acceleration only, and not 
the additional initial velocity, is possessed by each point, 
P may be considered as moving in a straight line with a 
uniform velocity equal to what it has at the beginning of the 
intervaL 



RELATIVE MOTION. 



75. Ex. P ia a point moving on a circle, of radius a, with uni- J 
form angular velocity lu. Q is a point moving on a tangent b 




the circle with uniform velocity v. Find the angular veloc 
of P relatively to Q when the latter ia at the point of i 

Let G be the centre of the circle, B the angle QGP. 

Impress on and on P the velocity ii opposite to Q% given 
direction, and therefore perpendicular to §C ; then Q is at rest. 

The component of P'a velocity perpendicular to QP is repre- 
sented byatu cosQPC-v cosCQP={a'^-v) ain-|. 

Also QP ia represented by 2aHin-^. 

Hence the angular velocity required is represented by - 
and is therefore the same wherever P may be. 

Note. — The angular velocity of F about the point of conta 
. , a..cosC fC_^ 



Hence the ratio of the angular velocity about the point c 
contact to the angular velocity about Q when moving throuf 
the point of contact 
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EXAMPLES. -XVI. 



(i.) The ends of the hands of a watcli are at equal distances from the 
axis of rotation, and move in the same piano. Determine the relative 
motion of the two poiiita at any time between 12 and 1 o'clock. 

(2.) A point P describas a circle, radius 4((, with uniform angular 
velocity a about a fixed point 0, and another point Q describes a 
circle, radius o, with angular velocity Su about P. Show that the ac- 
celeration of Q ia always proportional to &e distance of P &om a 
fixed point. 

(3.) Explain why a man walking in a shower of rain in general holds 
his umbrella a little in front of him. 

(4.) Two particles move with constant accelerations in given straight 
linea. If their velocities when they are in any given poaitiona be 
given, determine when their relative velocity ia least ; and if at any 
moment their relative velocities in any two directions be in the same 
ratio as their relative accelerations in the same directions, show that 
the above relative velocity ="0. 

{5.) Two equal circles touch each other, and from the point of con- 
tact two points move on the circles with equal velocities in oppoHita 
directions. Prove that one will appear to the other to move on a 
circle, the radius of which is equal to the diameter of either of the 
first circles. 

(6.) Three equal particles are placed at the comers of an equilateral 
triangle, and begin to move in their plane with the same anj^lar velo- 
city about their centre of gravity. Compare with this their relative 
angular velocities. 

(7.) A point is moving in an ellipse with a known velocity at a given 
point, determine its velocity relative to the foot of tho normal 

(8.) Prove that, when any points Pi, Pj, ... P„ are moving in 
yi7 manner, the acceleration of P„ is the resultant of the acceleration 
^P, relative to P^i, of P»-i relative to P,^„ . . . andofP,. 



VI.— INSTANTANEOUS CENTRE AND 
GEOMETEY OP THE CYCLOID. 

76. Let a, B bo simultanooua positions of two points of a 
figure in motion in one plane. A', B' simultaneous positions of 
the same two points at some subsequent instant. 




Draw lines bisecting AA', BB' at right angles and meeting 
in 0. 

Then evidently AO=A'0, BO=B'0; and since the line, 
which at one time coincides with AB, afterwards coincides 
with A'B', we have alao AB=A'B'; therefore the angles BAO 
and B'A'O are equal. 
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I- Further, consider some third point in the figure and let it be 
at G when the first two are at A and B, and at C when they 
are at A' and £'. Join CO, CO. 
Now the triangle, which coincides with AGB at one instant, 
coincides afterwards with A'CB' ; therefore CA = C'A', and 
the angles BAG, FA'iJ are equal. Then, the angles BAO, 
B'A'O being equal, the remaining angles OAG, OA'C, are 
^^ equal. And in the triangles OAG, OA'G', since OA=OA', 
^L,AG=A'G; and OAG=OA'G-; therefore OC=0(J. 
^H This result is true wherever C may be. 
^f Thus the second position of each point in the figure is at 
the same distance from that the first is. So that we could 
make the figure move from its first position into its second 
by turning it round 0, keeping this point fixed, each point 

I describing an arc of a circle whose centre is 0. 
And this is true however near these positions may be to one 
another. 
But, when they become indefinitely near, so that they may 
be regarded as consecutive positions of the figure, AA', BB', 
CO', etc. become the directions of motion of the pointe of the 
figure in the positions A, B, C, etc. and also coincide with 
the area of circles described round the point which then 
occupies. Hence, in any position of the figure, all the points 
are juat then moving in circles having a common centre, called 
Lflierefore the instantaneous centre of rotation, which is for that 
~ aatant at rest. 

We have the following construction for finding the posi- 
Dtion of this point : — 

Find the directions of motion of any two points, A, B, 
JiHt that instant, and draw AO, BO perpendicular to those 
^directions. The point 0, in which the-se lines meet, is the 
tquired point. 

Also, if be joined to any other point, C, of the figure, CO 
t perpendicular to the direction of motion of C. 
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77. Bx. ]jet AB be a rod Bliding with ita ends on twal 
straight lines ZX, ZY. 




Then ZX, ZY are the directions of motion of the endg \ 
A and 5. 

Draw AO, BO, perpendicular to ZX, ZY, meeting in 0. 

Then is the instantaneous centre of rotation of the rod. 

Let C be any point in the rod. Join CO, then C is instaa- 1 
taneously moving perpendicular to CO. 

78. Def. a cycloid is the curve traced out by a point in. 
the circumference of a circle, which rolls on a straight line. 




Tliua let r be the point, and aPh one of the positions of tJ 
circle rolhng on the line DBE, ba being the diameter j 
dicular to DE. 



r 
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Suppose that D is the point of contact when P is in DE, 
and that the circle rolls on, from D, till P comes on to BE 
again at some point E. Then F traces out the curve DAE,, 
which is said to he an inverled cycloid as it is helow DBE, 
which is called the hose. 

A, the position of P when at its greatest distance from DBE, 
is called the veriex of the cycloid and evidently is the middle 
point of DAE. Also, if AB is drawn perpendicular to DBE, B 
ifi the middle point of DBE, and AB=ah ; also B is the point 
of contact of the rolling (or generating) circle when half way 
between D and E. 



. The centre of the rolling circle la always at the same 
I distance from DBE, i.e. it moves parallel to DBE; .: aob is 
I perpendicular to the direction of motion of o the centre of aPb ; 
Y .:, Alt, 76, the centre of instantaneous rotation is in f»>fi ; 
. 6, if moving at all, must he moving perpendicular to aob, 
I Le. along DBE. Now there is supposed to be no sliding of 
I the circle, hut only rolling ; hence b is not moving along DE ; 
s for the instant at rest, i.e. it is the instantaneous centre 
I of rotation. 

Join bP, aP; then, Art. 76, P is moving perpendicular to bP, 
l-ie, along aP, since bP<i, being the angle in a semicircle, is a 
I light angle. Hence Pa is the tajigent to the cycloid at P, and 
f Jpb the normal. 

80. On A£ as diameter describe a circle BQA (Fig. 23). 
It IB the position of the generating circle when midway between 
D and E. It may be called the aaailiiiry circle. 

Draw PQN perpendicular to AB, meeting the anxiliary 
circle in Q and AB in N. P and Q may be called correspond- 
ing points on the cycloid and auxiliary. 

Then {Figs. 23 and 23) AQ ia parallel to Pa, and BQ to bP. 
■ Hence AQ and BQ are parallel to the tangent and normal to 
the cycloid at the point corresponding to Q. 
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81. Aa the circle rolls from D to b (Fig. 22), each succesdre 
point in the arc bP comes in contact with a point in bD, hence 
the arc bP^bD. Similarly BD is equal to the semicircum- 
ferenee of the circle, and therefore the arc aP is equal to Bb. 
Also DE is equal to the circumference. 

The points D and E are called the cusps. 

82. Prop. The arc AP is double the chord AQ. 
Let P' be a point adjacent | 

top, 0' the corresponding point ,' 

on the auxiliary circle. Join , 

FQ' cutting AQ in r. Now ■ 

ultimately when P" approaches 

indefinitely near to P, the are 

PP" coincides in direction with 

the tangent at P, i.e. is parallel 

to AQ. Alao, QP being parallel to PQ, QPP't is ultimately a 

parallelogram ; 

.•.tQ=FF 
Again, cut off from AQ a distance An=AQ' ; 

.: nQ=AQ-AQ\ and LAnQ'= LAQ'n. 
Now ultimately the angle QAQ' vanishes, 

.-. 6'7L/f+j4(2'«=2 right angles; 
.'. AnQ' and AQ'n are right angles, and nQ' is perpendicular I 
to rQ. 

Ultimately, QQ coinciding with the tangent at Q to tha ] 
circle, the angle Q'QA= LQBA in alternate segment 
=complement of BAQ 
= LN'tA 
= LQrQ': 
.:, ultimately, rO' = OQ'; 
.■. in the isosceles triangle Q'rQ the perpendicular nQ' bisects rQ; ] 
.■.rQ=2nQ. Hmce PF=2(AQ-AQ'). 
In other words, as P moves ft^m any position to a consecU' 
tive one, the increase in the arc AP is double the increase in 
the chord AQ. 
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Now let P start from -4 and move along the cycloid. The arc 
AP and the chord AQ both start from nothing and continually 
increase in magnitude. But from above the arc AP increases 
with double the rate of increase of the chord AQ. Hence 
when P is in any position the arc AP is double the chord AQ. 
So in Fig. 22, arc ^P=2 chd. aP. 

83. Let CD be a Bemicycloid equal to TJ^, placed with its vertex 
at D, touching BD at I), and having its cusp in AB produced. 
Draw the base Ccd, and the axis Di. 



Cr — ^-^ ■ — 



Let the generating circle of CD start from rf, and roll on to 
\p, so as always to touch DB in the same point as the generat- 
ting circle oi DA. heb aPb, cEb he simultaneous positions of 
I these circles ; E the point which traces out DC. Join Rb, Pb. 
Now E will come at last to C, therefore (7c=arc cR; 
. &rc Eb=cd=hD=arcl'P. 
But the two circles cRh, bPa are equal ; . ■. chord P6= chord hP. 
Also, LcEb= IbPa, both being right angles; and te=fw; 
. lRbc= iPba; .: Rb and Pb are in one straight line. 




Also, aince Rh=hP, RP= 

se^CA=sxcCD. 

Also, Mb touches CD at R. 

Hence, if CD were a materia! curve and a, string were wrapped ' 
round it and gradually unwrapped, the part umvxapped, being 
kept straight, would lie along the tangent at the point where 
it left CD, i.e. if E were the point of leaving at any instant, 
along MP. Also, the part unwrapped =RD=RP, Hence 
the string would reach to P, and the end which was e.t D y 
would trace out DA as the string unwrapped. 

If CE were another material equal Bemicycloid, having its J 
cusp at C and vertex at E, then as the end of the string was J 
carried past A, along AE, the string would wrap on to CE. 

From this property DCE is called the eedute of DAE. 

Also R is the centre of curvature of the cycloid at P, and I 
RP the radius of curvature. 

Hence the radius of curvature at P=2bP, 

See Frost's Newton, Art. 75, 76. 
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-DYNAMICS, MOMENTUM, AND AMOUNT 
OF FOBOE. 

84. Up to this point we have treated of the motions of 
points and figures afi matters of pure geometry. 

For instance, knowing the velocity of a point we determined 
how fer it would travel in any given time ; and so forth. 

The science, which we have thus been treating of, namely, 
the Greometry of a Moving Point's Motion, is called Kinematics. 
It is a branch of pure Mathematics, since in it we have nothing 
to do with how motion is produced in physical bodies, but 
only, taking the fact that a point, or any geometrical iigure, 
has certain rates of motion, etc., we have to determine the 
relations of the motions to one another and to the spaces 
traversed in various times. 

We shall now pass on to consider the causes of motion in 
bodies, and the effects of such causes. When we have so done, 
and have found the consequent velocities and accelerations of 
bodies, we shall be able to apply our kinematical formulse to 
determine the spaces traversed in various times. Or we may 
reverse the process. From knowing the connections between 
the spaces and times we may determine the motions of the 
bodies, and then from these ascend and determine something 
jOf the laws which regulate the causes of these motions. 



64 DYNAMICS AND 

85. Dynamics is the ecience which treats of the application 
of Force to Matter. It is divided into two parts. 

1°. Staiks, wherein we treat of the apphcation of force to 
matter so as produce resl. 

2°. Kinetics, wherein we treat of the application of force to 
matter so as produce nwlum. 

86. We must warn the student that the above nomenclature, 
although now becoming general, is not yet everywhere emr 
ployed. Thus some works on this subject employ the term 
Mechanics where we use Dynamics, and Dynamics where wb- 
use Kinetics. 

87. In tliis chapter we shall introduce a few physical ideas 
and terms, which are necessary for the enunciation and com- 
prehension of the Laws of Motion to be given in the next 
chapter. 

88. The student is aupposed to have some idea of what 
meant by the term Mass, aa in the phrase " Mass of a Body." 
The term Quantity, or Amount, of Matt«r is equivalent to ib 
Thus we Bay that the Quantity of Matter in a body is the 
of the body. 

89. If all the particles of a body, or system, are moving 

with the same velocity, that velocity is c^ed the velocity of 
the body, or system. 

90. Momenlwm, or QuanlUy of Molion. — We will now offer 
sonie explanation of what ia meant by the term Momentum. 

Consider (1) one ball moving with a certain velocity; 

(2) two balls, eadi of them equal in mass to the 
Grst and moving with a velocity equal to that of the first ; 80 
that (2) is a system of double the mass of (1). 

Then we should say that the quantity of motion of Hhm 
second system is double that of the first j and we aliould aagi 



the same thing if the two balls in (3) were joined bo as to 
fiurm one body. 

^And, generally, we say that the quantity of motion of a body 
lYWiea as the mass when the velocity is constant. 

Again, consider two bodies of equal mass, one of which is 
moving twice aa fast as the other in the same direction. 

We should say that the quantity of motion of the one waa 
double that of the other. 

, And, generally, we say that the quantity of motion varies as 
' e velocity when the mass is constant. 

I The quantity of motion of a system is called its momentum, 
I Thus we see that the momentum is a property of a system 
e magnitude of Vhich varies, 

(I) as the masa'when the velocity is constant, 
and (11) as the velocity when the mass is constant. 

91. Let m be the measure of the mass of a system ; 

' „ „ velocity of the system. 

Then, the momentum nc m when « is constant, by I, 
and oc r „ m „ by II ; 
.-. cc mo when both m and v vary. 

(Hambiin Smith's Algebra, Art. 369.) 

pn other words, if m,' be the measure of the mass of another 

system, and v' the measure of its velocity, the momentum of 

the system we are considering : the momentum of the second 

system =m.v -. m'.u'.] 

We take as our unit of momentum the momentum of a unit 

8 moving with a unit of velocity. 
Therefore, the momentum : unit of momentum=7re.«; 1 ; 
.■. the momentum=m.j;. (unit of momentum) ; 
,-. the measure of the momentnm=m.u. 
So that denoting the measure of the momentum by M, we 

M=m.v. 
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92. Prop. If the variatts parts of a system aire moving in U 
same direction, the nwrnenturrt of the system is the svm of 1 
momenta of its pa^ts. 

Let M,, M,, etc., be the measures of the momenta of t 
pttrtB. 

Then JIf, represents also the momentum of a body, of n 
Af, , m.oving in the given direction with a velocity 1, 

Similarly for M^ , etc. 

Hence the momentum of the whole is the same as that of & 
system, the massea of whose parts are M,, M,, etc., and of 
which every part is moving in the given direction with a velo- 
city 1 ; i.e. it iB the same as that of a system, whose i 
is j(fi+jy",+ etc., moving with a velocity 1 ; therefore it U'- 
represented hy (Mi-\-M,-\- etc.).l, which =JI/i+iI/,+etc. 

93. When different parts of a system are moving in differs 
directions, we cannot apeak of the momentum of the system. 

Let m,, mi, etc. represent the masses of the parte of f 
system, 

and M, , li,, etc. represent the resolved parts c 
cities of mi , m,, etc., in some given direction. 

Then m,Wi, m,ii, , etc. represent the momenta of the pal 
in the given direction; and therefore wiiii,+miM,+ et«. i 
presents the momentum of the system in thiU direction. 



EXAMPLES.-XVlr. 

(i.) Wh.it momentum is acquired by a masa 3 falling (] 
(2) throueh 100 feat 1 

(2.) A body of momentum 10 is inovinj; with velocity 2. 
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(3.) A body of momentum 27 has a mass 9. What ia its velod^ 
(4.) A body of maaa 6 U travelling with a velocity of 100 yudtfl 

roinut£. What is its moitientum, a foot and a second bemg uniti^ 

apace aod tluie ) 
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(S-) A body, moving with a momentum 35, traverses 7 feet in h". 
Wliat is its Qiasa ? 

(6.) Two balls of masses 2 and 3 are travelling eastwards with velo- 
cities 6 and 4 respectively, and a ball of mass 11 ia traveUing nest- 
wards with velocity 2. What is the momentum of the whole system 
of three halls ? 

(7.) Bodies of masses 2, 3, 4 are moving towards the east, north, 
and north-west with velocitiea 9, 12, 16 respectively, Find the 
momentum of the system (1) in the easterly direction, (2) in the 
northern direction. 

(8.) A hali of mass 10 travels with the acceleration fl feet per second 
per second. At one instant its velocity is 3, What is its momentam 
a minute afterwards 1 

(9.) A ball of mass 20 has an acceleration 3 in the direction of 
its motion. By bow much does its momentum change in 5 nnits of 

^ (10.) What is the change of momentum of a body in a minute, 
IB is 5 and its acceleration 6, a second being the unit of 



94. Change of Momentvm. — Let there be a body, of mass wi, in 
lotion. Suppose that its velocity can be represented, at one 
ostant by A£, and at another by CD. 
Draw AE parallel, and ^ b c 

' eqnal, to CD, and ci 
plete the parallelograni 
ABBF. _ 

Then AF represents the f" 

1 the body's velo- ''"'" '"' 

y in the interval between the two instanta. 
it X, y, z be the measures of AB, CD, AF. 
len itix in direction AB, and my in direction CD repre- 
mt the momenta of the body at the two instanta, whilst me 
p direction AF represents the cluiitge of the momentum of the 
f in the interval ; and the momentum of the system is said 
e changed by ms In the direction AF in the interval. 




95. Amount of Force. 

(1.) Suppose we had a small body falling, irawctw, from rest 1 
for one second. We know, as explained in Art. 59, that it I 
would acquire a velocity 32'2. (A foot and a second being' I 
unita of space and time.) 

(2.) Suppose we had the same body placed on a smooth 
horizontal plane, and an ela.Btic string attached to it and 
d to some point, so that, when the string is stretched 
out and let go, the body will move along the plane without 
rotating. Now, if we attached stringa of different elastici- 
tiea and stretched them to different lengths, we coald make 
the body acquire different velocities wiliin any given intei^'J 
va! of time. Suppose then we took a string of sufficiei 
elasticity and stretched it so much that, in the lirst t' " 
of a second after it is let go, the body has acquired a velo^ 
city 32-2. 

(3.) Suppose we had again the same bo<ly at rest, i 
we struck it a sharp blow. The blow would take up some ' 
interval of time so short as to be hardly appreciable. 
After the blow is over the body would be moving with 
some considerable velocity, and by properly adjusting the 
blow we can make it move off with any velocity we choou " 
Suppose then we make it begin to move with a velocity 
32-2. 

Here we have instances of motion communicated to matter " 
by different means, namely, the attraction of the earth in (1), 
the tension of the string in (2), and the pressure of the blow 
m (3), 

In each case we have the same amount of velocity communiJ 
cated to the same amount of matter, and therefore wo say tl 
an equaJ afminil oj fartf, has been applied in each case. 

We took care that this velocity should be communicatfiii in 
times of different lengths, to bring out the fact that the 
idea of the amount of force expended is not connected with 
the length of the time taken to produce the velocity. 9 
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96. Def. By two amounta of force being equal or 
we mean that they can produce equal amounts of velocity in 
the same body, whatever may be the lengths of the times 
taken for the purpose. 

[Two masses are considered to be equal when the Bame 
amount of force will produce iu each the same velocity.] 

Further, we say that one amount of force is double another 
Then the maas of a body, in which it will produce any parti- 
velocity, is double the maas of a body, in which that 

ler will produce an equal velocity. We justify this atate- 
.ment as follows : — 

Suppose the first body to be divided into two parte of 
equal mass. Each of these halves will require the same 
amount of force that the second body does, in order to gener- 
ate in it any the same velocity as in the second, and therefore 
both these halves together, i.e. the whole first body, will re- 
quire double this amount of force. 

Gienerally, we can say that amounts of force are proportional 

the raassea in which they produce equal velocities. 



^K vheu 
^ffinent 




I 



I 



97. We sliall give in tliia chapter the fundamental principles 
of r>ynajmcs. They are three in number, and are called the 
Laws of Motion. The first two were recognised by Galileo 
and his successors; and the third was distinctly enunciated 
first by Newton. 

The forms in which we state them are translatioos of dioee 
given by Newton in his Principia. 

No rigorous proof of these laws can be given to tJie student 
at the outset All we can do is to give, in some cases, a few- 
simple experiments, which, as far as they go, suggest the tiuth 
oS the laws. The real proof lies in the (act that the resnlte td 
calculations with regard to motiona of bodies, however com- 
plicated, when worked out from these principles, are found tO' 
agree with the results of obsetradous made on the bodii 
themselves. 

98. First Law of Motion. — Every hod^amtmaes in iti awn 
of rtst, or of uniform motion in a straight line, eaxtpl in mjv 
a Piay be compelled by txtfTTuxl forces fo change that state. 

99. Facts suggesting the Law: — 
(1.) "Daily observation makes it appear to ns, that any 

body, which we once see at rest, never puts itself into freafa 
motion ; but continues always in the same place, till remored 
by some power applied to it."^ 
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(2.) If a atone is throivn along ice, the sTnooiher the ice ia the 
farther it will go in a atraight line. Now the only force acting 
on it is the roughness of the ice, and we see that the smaller 
Haa becomes the less change there is in any given time, lead' 
ing us to suppose, that, if there were no roughness, there 
would never be any change in the motion, and that what 
change there is, is just as much as the roughness is capable 
of producing. 

(3.) If a carriage is suddenly stopped, the paBsengera ap- 
shot forwards. Now, since they are not rigidly 
attached to the carriage, we suppose that the force, which 
stopped U, has not to a sufficient extent been applied to 
them, and that therefore their motion is in some degree pre- 
seired. 

(4.) If the carriage be suddenly turned round a comer, the 
paBsengera have a tendency to keep their old directions. This 
suggests that, unless the force acts to a sufficient extent on 
tiiem as well as on the carriage, the direction of their motion 
be, more or less, preserved. 
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100. This law states, that no change in the state of rest or 
motion of a body will take place, unless there be applied 
to the body a cause, or force, arising from some source 
external to the body; and that, where there is a change, 
whether it be in the direction, or in the magnitude, of 
the motion, an adequate amount of external force has acted, 

id the change is just as great as this amount is adequate to 
luce. 

For example, take the following case in addition to those 
already given : — 

When a top is spun it goes on rotating uniformly, except 
in so far as it is retarded by the frictions of the air around it 
||od of the surface supporting It ; and by diminlsliing these we 

(y increasB the time it will rotate. 
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We are tfuu led to soppoee that, if the tap wae i^nii m 
MOW on a anooth nrfaoe, h wooJd ^traje go on rotating 



Again, consder tlie motion of any paitide of th« top. It 
nores in a circle, *o that a change in the direction of its 
•catAiaa is continually taking place. Kow for the cause of thia 
change we look to the cohesion between it and the EUiroimding 
part* of the top. As much of this force of cohesion being 
called into play as is sufficient to make each particle move at 
evety instant in its own circle, instead of continuing to move 
in the Btraight line which is the tangent to the circle at t' 
tlien position of the particle. 

In Law II. we are told what force is adequate to the \ 
duction of any given change of motion, whether in directial 
or in magnitude. 

101. Second Law of Motion, — Cba/ngt of Ttumsnium i 
jxniumal to ihe anunmt of ederwd force produdng U, avd u tn H 
divnciim of the Ivne of actum of the force. 

102. The truth of thia law depends on that of the t 
following Facte : — 

The effect of the same amount of force ia always the same, I 

(1.) Whether the body, to ■which it is applied, be prerioiu 
at rest, or in motion ; 

(II.) Whether it be applied alone, or in conjunction v 
other forces. 

We shall first give some illustrations of these facte sugf^ 
ing tlieir truth, adding the geometrical statement of each ; anil 
after that wo shall show how to deduce the law from them. 

Tho student must remember the observation in Art. 97, ft 
to Uio ultimate proof of the Three Laws, 

Also we suppose in our investigations that the bodies actai 
on nro porticW, or, if of finite size, are so acted on that i| 
rotation is produced. The student must defer for the presea 
tlio consideration of rotating bodies. 
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103. I. That the same amount of force always has the same 
effect, whether the body Ire previously at rest or in motion, 
may lae suggested by the following conaiderations : — 

(I.) If a certain amount of foree be applied to a body 
apparently at rest on the earth's surface, the effect will be the 
same, in whatever direction the force acts, and whatever posi- 
tion on the earth the body has. 

Kow any body, apparently at rest on the earth, is always 
being carried forward in the same direction, but with dif- 
ferent velocities according to its position on the earth. Yet, 
as we have said, the effect of the same amount of force is 
always the same in magnitude, and therefore we cannot doubt 
but that it would be the same, if the body were absolutely 
at rest. 

(2.) Again, any moveable body on board ship is as easily 
moved in any direction, whether the ship be at anchor or in 
steady motion. Thus, if a ball be projected with any force 
along the deck of the ship, it will go, relatively to the ship, 
just as far and in the same direction, whether the ship be 
moving or not. Now the motion relatively to the ship is due 
to the force of projection alone. Hence we see that the motion 
which it has in common with the ship does not affect, either 
in direction or in magnitude, the motion produced by the 
force. 

(3.) A stone, dropped irom the top of a roast of a ship in 
motion, is found to fall at the foot of the mast, 

Kow, if it had not been dropped, it would have been carried 
forward through a certain horizontal distance, and, when it is 
dropped, it is carried forward in the horizontal direction 
through an equal distance. 

This shows that the effect of gravity has not altered the 
horizontal motion of the stone, and therefore {Art. 27, ai 
fiitem) whatever change of motion gravity may have produced 
IB in the vertical direction, which is the direction in which 
gravity produces motion in a body previously at rest. 
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If, moreover, the time of falling could be noted, we should 
find that it would always be the aajoe, whatever was 
horizontal motion of the ehip, showing that the magni-; 
tude of the effect of gravity is the same, whatever be tha 
previously existing motion of the Btone, and is therefore ths 
same as when gravity acts on the stone initially at rest. 
This latter jioint will, however, be more simply exbibit«d. 
in the following way. 

(i.) If a number of balls be projected horizontally at the' 
same instant from a platform, with different velocities, they_, 
all reach the ground at one instant — one knock only i%: 

Hence gravity has pulled all the balls through the same dis- 
tances in the same time. 



104. The following is the geometrical statement of this 
Fact. 

Let a body be moving with a velocity rejiresented by AB. 



Let any single amount of force be now applied to the body 
Let CD represent the velocity which it would produoS' 
in the body when initially at rest. Then this fact atat«a 
that after this application the body's velocity will be changed 
by the velocity CD ; i.e. that, as before it was moving with 
velocity AB alone, it is now moving with velocities AS'. 
and CD. 
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to find the resultant velocity we must compoimd 
as in Art. 20, i.e. draw AE equaJ, aad parallel, to CD, and 
complete the parallelogram EB. Thus the diagonal AF re- 
presents the resultant velocity. 

As particular cases, observe that, if CD is in the direction 
of AB, the resultant velocity is equal to the sum of the two, 
and, if CI) is in the opposite direction, it is equal to their 
difference. 

105. n. That the same amount of force will always pro- 
luce the same effect, whether it be applied alone or in con- 
junction with other forces, is suggested by the following 
considerations ; — 

(1.) A hody is placed on the deck of a ship, which is rough, 
eo that the body cannot slide on account of the ship's motion, 
and the ship is towed by a tug, which always keeps alter- 
ing the pace of the ship ; then it is always exerting a force on 
the ship, and therefore also on the body. If now we move 
the body about on deck in any direction, we find that we 
require the same amount of force to produce the same motion 
as when the ship is at anchor or moving steadily. 

(2.) If bails be let fall, each down one of a number of smooth 
and exactly equal pipes held vertic^ly and carried forwards 
horizontally at different and varying rates of motion, it will he 
found that the time of falling in each of the pipes is the same, 
and equal to what it would be if the pipes were at rest or if 
the balls were falling and the pipes not there. 

Now, during their fall the balls were subject to the action 
of gravity and of the pressures of the sides of the pipes, these 
last being different in magnitude at different instants and on 
different balls, hot always horizontal in direction. 

lee that the vertical effect of gravity is the 

le, whether the balls be acted on by horizontal forces or 



r Other experiments would be too 
9 this treatise. 
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106. Tho following is the geometrical statement of this FaoL 
Let a body be laoviiig with a velocity represented by JB. 




Let ally tn'o amountB of force be now applied to the body. 

Let CD, EF represent the velocities which they would 
respectively produce, if eaeh acted alone on the body in^tia^J^ 
at rest 

Then this fact states that after this application the body*« 
velocity will be changed by the velocities CD, EF, i.e. that, 
before it was moving with the velocity AB alone, it is no*' 
moving with the velocities AB, CD and EF. 

To find the resultant velocity, we can compound theM^ 
together as follows : — 

Draw ..^(Jand^ff equal, and paraUel, to Ci> and EF% 
plet« the parallelogram GR. Then the diagonal AJ repre- 
sents the resultant of OD and EF, and therefore the total 
change in the body's velocity. Now complete the parallelo- 
gram BJ. Then the diagonal AK represents the reBuItant. 
Telocity of the body. 
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HP 107. From these two facta we can say that the change of 
velocity produced by any force on a body, whether it be in 
motion or not, whether it be acted on by other forces or not, 
is the same in direction and magnitude as that force would 
produce if it acted on the body at rest. 

Now, first, the direction of the motion produced by a force, 
acting alone on a body at rest, is called the line of action of the 
force. Hence one part of Law II. is true, viz., that the eluvnge 
^^produeed by a force is m the line of action of the force p-odudng it. 
^v Secondly, let any amount of force be applied to a body at 
HjTCBt, it will produce a certain velocity. After this let an equal 
amount be applied in the same direction ; so that we have 
now a double amount of force applied. This second amount 
will produce (by Fact I.) the same change of velocity aa if it 
alone acted on the body at rest, i.e. it will produce an amount 
of velocity equal to what the first did, and in the same direc- 
tion, which will therefore be added to the velocity produced 
by the first. Hence we obtain a double velocity with this 
double amount of force. And, if we again applied an equal 
amount of force, we should have applied a triple amount of 
force upon the whole, and should obtain a triple amount of 
velocity. 

Proceeding in this way, we see that the velocity produced 
by any amount of force is proportional to that amount, when 
the body is initially at rest, and, therefore also, by Fact I,, 
when the body is initiaUy in motion, and, by Fact II., when 
other forces are acting. This has been proved by consider- 
ing the forces always to act on the same body. But the same 
holds good, if the force acts on different bodies having eqnal 
maBses ; for an amount of force will produce the same velo- 
u equal masaea whether of the same kind of substance or 
inot. Art. 96. 

Now consider bodies of different masses. By the definition 

if Art. 96 and Facta I. and II. the amount of force varies as 

! mass, and therefore as the measure of the mass, wlien the 




change in the velocity is constant. And from above, it 
as the change in the velocity, and therefore as the measure (tfj 
the change, when the mass is constant. Hence, when bothi 
vary, the araount of force varies as the product of the 

Bs of the mass and of the change in the velocity, i.e. as the 
measure of the change of momentum (Art. 94), and therefore 
as the change of momentum, or, the change of momentum is pro- 
portionul to the amount of force producing it. 



108. Ex. Suppose a certain force to act on a body, sttdi 
after its application, the velocity of the body is changed by 
velocity of 1000 yards an hour. If an equal amount of force 
were to act in the same direction on a body of twice the 
of the former, its change of velocity would be in the 
direction as that of the former, and equal to a velocity of 800 
yards an hour. 

EXAMLPES.— XVIII. 

(i.) A body is travelling with a velocity of 30 feet a second, when*' 
oertwn force acta on it, and it subgequently moves with a velocity of 
CO feet a second. After that, an amount of force double that of the 
former acta on the body. With what velocity will it then be moving | 

(2.) Two amounts of force are applied, one to one mats, and the 
other to another mass three times as great as the first, and produce 
velocities 30 and £0 respectively. What is the ratio between these 
two amounts of force ? 

(3.) A string is stretched twice to the same length, and attached to 
two different bodies. At the instant when it becomes slack the 
bodies are moving with velocities in the ratio of 3 to &. Determine 
the ratio between their masses. 

(4.) If two masses, in the ratio of 3 to 7, are let fall, what is the 
ratio between the amounts offeree exerted on them by gratity, (1) in 
the first second of their full, (2) in falUng through 64 feet t 

{;.) A certain force appbed to a mnss, whose measure is 2, generatea 
a velocity 6, What velocity will three times this a 
generate in a mass 3 J 
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^V (6.) A body of mass 3 is movlDg with the velocitj 2. What 
^^■amonnt of force, acting perpendicnlarfy to the original direction of 

motion of the hodj, will he neceaaaiy to turn the direction of motion 

through an angle of 60"? 

(7.) Two bodiea are moving in parallel direofiona with the same 
^^^ velocity, and, the same amount of force being applied to each perpen- 
^^Vdioular to ita original line of motion, their directions of motion are 
^^Blihanged by 30" and 45° respectively. Compare their masscH. 
^H (B.) From a balloon at a given height, and rising vertically with a 

pven Telocity, a stone \s let falL Knd the velocity with which the 

Btone will strike the earth, neglecting the resistance of the air. 

[109. Third Law of Motion, — To an adion there is always an 
Hie readim ; or, the mutual actims of two bodies are 
filways equal, and directed towards opposite parts. 

110. Illustrations of Law III. 

(1.) If anything presses gainst, pulls, or attracts another, 
Hob other preasesj pulls, or attracts the first with a force, 
equal in amount, but in exactly the opposite direction, 

(2.) If a load is drawn by a horse, the load reacts on the 
b-orse as much as the horso acts upon the load ; for the harness, 
which is strained between them, presses against the horse as 
much as against the load, and the momentum of the horse 
forwards is diminished by as great an amount as that by which 
the momentum of the load is increased. 

Thus, during any interval, letP be the amount of force tending 
to make the horse move forward, T the amount (exerted by 
the harness) tending to pull him back. Then this law states 
that T is the amount exerted by the harness on the load tend- 
ing to make it move forward. Let F be the amount tending 
i» retard the load. Let m and m' be the masses of the horse 
and load. 

Since, by Law II., any amount of force is proportional to the 
momentum ]>roduced by expending it, we may put the measure 
of any force =e. (the measure of the momentum produced), 
There c is a constant. 



Hence the velocity produced by P in the horse ^— 
T .. =i 



.•. the resultant velocity produced during the interval 
P T 
in the horse =^~' — • 

T F 
and that in the load =^—^: 

P T T F 
and these are equal ; .-. m~m~m'~m' ' 

.: T{m+m')=P.m'+F.7n. 

H P is just sufficient to keep up the velocity which the barm 

and load have, the velocity produced during the interval is zext^ 

Hence, in this case, :^_^=0=-,-^; .■. P=T=F. 
mm mm 

(3.) Again, when a stone is fallin g to the ground, the eartlt 
attracts the stone with a certain force, and the stone attracU 
the earth with an equal force. 

ThuB let M denote the momentum which this force can 
generate in any given interval of time ((), and m the mass at 
the stone, m' that of the earth. 

Then during any interval, equal to I, of its fall the stoi 

M 
would acquire a velocity — towards the earth, and the earth 



Since the ratio m' -.m is so large, the ratio — i : — 

is so small, that the velocity acquired by the earth is in&] 
preciable compared with that of the stone. 
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These instances are sufficient to afford some notion of the 
meaning of the Law, Its truth cannot be exhibited by any 
simple experiments. A strong confirmation of it will be found 
in the agreement of the results of observations on the impacts 
of bodies with the results of calculations with regard to these 
impacts, on the assumption that this Law holds, as explained 
in Chapter XII. 

Note.— The term Inertia is applied to that property of 
matter, on account of which a body requires, as stated in 
Law I., some external force to act on it before any motion, 
or change of motion, can be produced in it. 
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IX.— MISCELLANUOTTS PROPOSITIONS. 



111. Lei a pair of forces act on a body in directiona Aii 
Ay, not neceBsarily for the same time, or for equal timea. 




Let the velocities which they generate in the body be r 
presented by AB, AC. Complete the parallelognua BC. 

Now the diagonal AD represents the resultant velocilj 
which the body has acquired on account of the action of b> 
forcee. 

Henoe ft single force acting in direction AD, and of whld 
th« amount expended was such that it would generate H 
velocity AD, would have the same effect as the two forces % 
the pair, and is therefore their resultant. 

Now since these two forces, and also their resultant, a 
the same body, the amounts of force expended by them ■ 
proportional to the velocilJeB they generate (Art, lOTj 
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Hence, on tho same scale that the adjacent aides of a p 
gram represent two component amounts of force, the di^onal 
through their point of intersection represents the resultant 
amount of force. 

Hence amounts of force can be compounded, and resolved, 
according to the Parallelogram Law, in the same way as forces 
are in Statics (or, in other words, as the statical effects of 
forces). 

112, We will now give some more extended examples of the 
application of forces, similar to those in Art. 95 ; especially for 
the purpose of explaining the meaning of the term Inlensiiy of 
a Force. Take the following cases : — 

(1.) A body containing 60 units of mass falling from rest 
for one second. It acquires a velocity 32'2, and therefore 
(Art. 91) a momentum 1932. 

(2.) A body containing 120 units of mass falling from rest 
for half a second. It acquires a velocity 161 (Art. 59), and 
therefore a momentum 1932. 

(3.) A body containing 40 units of mass pnlled by a string, 
as in case (2.) of Art. 95, of sufficient elasticity, and stretched 
80 much, that in the first third of a second the body acquires 
a velocity 48'3, and therefore a momentum 1932. 

(4.) A body containing 30 units of mass, struck with a sharp 
blow, such that it acquires a velocity 64'4, and therefore a 
momentum 1932. 

Now, in all these cases, it wiH be observed that, though 
different masses acquire different velocities in different times, 
yet they all acquire the same momentum. 

Hence, Art. 95, the same anwani of force is applied to 

W If thft body in (2.) were to go on moving for a whole 
mnd from rest, it wonld acquire a velocity 32'2, and a 
pnomentum 38G4, and therefore the amount of force applied ' 
rould be double that in any of the four cases. And if it went 
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on moving for 2* from rest, it would acquire a velocity 64' 
and a momentum 6928, and now therefore the amoimt 
force would be four times that in any of the four cases. 

But now we see that the momenta in (3.) and (3.) hai 
been produced respectively in \ and \ of the time, in which 
an equal momentum was produced in (1.) We say therefore 
that the intensUm of the forces acting in (2.) and (3.) are upon 
the whole 2 and 3 times as great as the intensity of the force 
acting in (1.) 

Also the time taken up by the blow in (4.), though really^ 
finite, yet is so inappreciable, and therefore the ratios of ita 
duration to that of the times in (1.), (2.) and (3.) so very 
small, that we often say that the time of action of such a force 
is infinitely small, and therefore that the intensity of the force, 
upon the whole, is infinitely great as compared with the in* 
tensities of those in (1.), (3.) and (3.) 



I 



113. Again, if we observe the rate at which the velocity 
(1.) is generated, we see that equal amounts are g 
equal intervals of time, however small, and in whatever part 
of the fall they may be taken ; and tbe same is true of (2.) 
We express this fact by saying that the force acting in (1.) 
and (2,), namely the force of attraction of the earth, is uniform, 
or that its hUensUy is always constant. Thus the force in (1.) 
has one uniform intensity, and the force in (2.) another; and' 
further, we should say that the intensity of the force in (2.)| 
was twice as great as the intensity of that in (1.) 

But now, if wo observe how the velocity is generated in 
(3.), we shall see that it is produced much more quickly at the 
beginning of the motion than at the end. Thus, if we could 
detect the changes of velocity in two intervals, each -^ of •■ 
second long, one near the beginning, and one near the end of] 
the third of a second, we should find that the velocity 
duced in the first interval is much greater than that produced^ 
in the other. Here we should say that the force a^tingi,, 
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melf, the tension of the string, is variable, and that itsi 
inlensity varies. Therefore we cannot speak of tlie intensity of 
the force, as in (1.) and (2.) ; bat we must speak of the intensity 
of the force, at some one instant of the time of motion, or at 
some one point in the path of the body while the motion is 
being communicated. 

Further, if we think of doing the like with (4.), we find 
that the whole time of the force's action is so extremely short 
that we can hardly even conceive in onr minds any division of 
it; so that we cannot distinguish between one instant and 
another in it; but we must look upon the whole as almost 



Also, the body has no time t« move with the velocity it 
acquires at the beginning of the blow before the whole blow ia 
completed, and thus we can hardly conceive of any change of 
position taking place during the blow, and we cannot speak of 
the path of the body while the motion is being communicated 
to it. 

So that, although the intensity of the blow probably goes 
very rapidly through very great variations, and is much less 
juat at the beginning and end than in the middle, yet we can- 
not speak of the inten^y at any instant; but must content 
ourselves with finding the amount of force expended during 
the whole blow. And indeed we do not need to know the 
intensity at any instant, for there is no question of how far 
the body is moving during the blow, but only how fast and 
with what momentum it is moving after the blow is over. 

i student will now understand the saying, that, the in- 

aaity of a force ia the degree of rapidity with which it can 

iQerate momentum in bodies, 

L4. Forces, such as those in (1.), (2.) and (3.), which 
squire a finite time to generate a finite momentum, are called 
intte Forces. 

as, such OS that in (4.), which require an infinitely 



short time to gener&te a finite momeDtum, are called Imjru 
Forces, or Impulses. 

Probably, as we have indicated, there are no forces i 
nature which can accurately be called impulaea. Yet with l 
large class of forces, witli which we meet, we make no «pi 
preciable error by discussing them as if they were impulsev^V 
i.e. by neglecting the time they take in propaga 
motion, as well as the space through which the body acted obM 
has moved during that time, and by looking only to the wlioUfl 
change in momentum produced by them. 

When a force is spoken of it is generally understood that | 
finite force is meaut, unless an impulsive force is speciallyj 
mentioned. 



115. By the intensity of a force at any instant being twice 
as great as that of another, we understand that, if the intensity 
of each force remains constant for any the same length Of 
time, the momentum generated by the first is twice as great as 
that generated by the second ; and, generally, we say that, the 
intensity of a force at any instant is proportional to the mo- 
mentum which the force can generate in some given interral, 
supposing it to retain this intensity throughout the int«rvid. 

Hence also it is proportional to the ammmt of force then J 
expended during the inten^al, i.e. to the amount of foro 
required to produce the momentum. 

Hence, by Art 111, intensities of forces can be compounds 
and resolved, according to the Parallelogram Law. 

We shall afterwards show that the intensity of a force !■ 
proportional to its statical effect, i.e. that a force, which i 
double some other according to the statical test, will in a 
the same time produce double the momentum that the othcc 
will. 

When a force of a given intensity is spoken of, we mw 
that the force retains the same intensity for the whole time a 
its action. 
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116, The following case may tend to explain the fact that 
line to be drawn between impulsive and finite 
[iforcee in. kind, that the difference is only one of degree ; in 
other words, that an impulse ia only a finite force, whose 
F^jiration of action is finite, though of inappreciable length. 

(3.) of Art 112, if we successively applied to the 
ly strings of greater and greater elaaticity, and atretehed 
them more and more, we Bhould find that the required mo- 
menfaim could be produced in shorter and shortej' intervals of 
time, i.e. they would become of less and less appreciable 
lengths. It would seem, therefore, that, by taking strings of 
Lcient elasticity, there need be no limit to the diminution 
the length of time required to produce any given mo- 
'uentum; and, therefore, no limit to the diminution of the 
eiTora we should make in regarding the time of action of veiy 
strongly elastic strings as practically zero, and the intensities 
of the tensions while they last as infinitely great. 
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117. In Art 113 it was stated that the intensity of a force 

|b uniform when equal velocities are generated in a body in 

1 times. Hence a force of uniform intensity produces a 

liform acceleration in the motion of the body which it acts 



. Ez. Two forces, A and B, of uniform intensities, act as 
OIowb: — 

s on a mass 30 for 5 seconds and generates a velocity 9, 
40 „ 2 „ „ 10. 

Determine the ratio between the amounts of force expended, 
ind compare the intensities of the two forces. 
1°. The momentum generated by -4 ia 30 X 9 = 370, 
„ „ B „ 40x10=400; 

^erefore the ratio between the amounts of force emended 
=270 : 400, 
= 27 : 40. 



_ . ^^ ^v^^.L.^^ a velocity f in a second, and therefore a 

momentam 30xf (=54) in a Becocd, ■ 

B generates a velocity ^ in a second, and therefore mm 

momentum 40x^=200) in a second; I 

■- the intensity of ^ : the intensity of £=54 : 200=27 : 100; I 

119. By the term Magnitude of a force, we mean, thftj 
intensity of the force when we are speaking of Finite Foro 
and the amount of force exerted when we are ape; 



Instead of the phrase " magnitude of a force," we often, I 
shortness, use that of " a force," Thus by a certain finite foro 
we mean " a finite force of certain specified intensity ;" and byB 
i certain impulse we mean " an impulse of certain s 
amount offeree." 



EXAMPLES.— XIX. 

(i.) If a force act on a body for 3 seconds and generates a velod^ I 
SO, determine the acceleiation. What would be the acceleration 
which this force could generate in (mother body of double the ma^? 

(2.) Show that the intensity of gmvity when acting on a body Tuies 



on by forces wMdt 
ctively. Compnn 
oi force eKpended 



(3.) Two bodice of roaiues 3m and 5m are acted 
produce in their motions acceleratiosB 7 and 9 respi 
the intensities of the forces ; and also the amoanta 
on the two bodies in any the same time. 

{4.) Two foraea, whose intensities are in the (a 
two bodies and Gommunicate velocities 5 and 11 
the ratio between the maaaea of the bodies. 

(5.) One force acting on a, given mass prodoces a velocity 100 in 8', 
and a second force acting on another mass produces a velocity lOOO 
Given that the intensities of the forces are in the ratio of 7 : 1 1, 



>, actoi^H 
itermiiu^H 



determine the ratio between the n 
the amounts of force expended on tiieuL 



s of the bodies, and conpan m 



¥ 



(6.) If two bodies propelled from rest hy the Kune uniform pressure 
describe the aame spac«, the one in haif the time that the other does, 
compiire their final Telocities and momenta. 

{7,) A force F generates in a body in one minute a velocity of 1300 
mUeB per hour. Which is the greater force, F, or gravity ! 



''e can now show that the t«sta in Statics and in 
Alt. 115 for one force being equal to, or double of, another, 

Let there be two forces equal to one another according to 
tlie test in Art. 116, so that they generate in equal times 
equal momenta in bodies initially at rest. 

Then, by Art. 91, when applied to the same body, they 
generate equal velocities in equal times. 

Let them be aimultaneocBly applied in opposite directions 
to a particle. By Art. 105 their joint effect is the difference 
between the effects they would produce, if applied singly to 
the particle at rest ; but these two effects are equal. Hence 
their joint effect is nU, i.e. they are equal according to the 
statical test. 

Again, let one force be double either of two others according 
to Art. 115, so that the momentum, which it will generate in 
any given time in a body initially at rest, is double that 
generated by either of the two others. 

Let the two forces be applied to a particle in one direction, 
and the one force in the opposite direction. As above, by 
Art. 105, we can show that their joint effect is nil, and there- 
fore the one force is double either of the other two according 
to the statical test. 

Proceeding in this way, we can prove the agreement of the 
two tests for one force being p times another, i.e. the intensity 
of a force is proportional to its statical effect. 

Hence the intensity of one force : the intensity of a second 
the statical effect of the first : the statical effect of the 
«d. 



121. Prom the fact that the intensity of a force is propor- 
tional to the momentum it can generate in some given time, yn 
can obtain an expression for the measure of an intensity. 

We may first state the fact as follows :— 

Let one force, acting on a mass m for some given time, 
generate a velocity i»; let a second force, acting for the same 
time on a moss m', generate a velocity »'. Then, the intensitieA 
of the forces remaining constant throughout, we have tha 
intensity of the first force ; the intensity of the second foiw 



Now we take as our unit of intensity that intensity whid^, 
if a force retains it for a unit of time, will in that interval 
generate a unit of velocity in a unit of mass. 

Suppose then the above forces to act for a unit of time ; ai 
take the unit of force for the second, and let it act on a ui 
of mass, then m'=l and v'=l. Also take the force, t 
measure of whose intensity we are going to express, for t 
first ; then, this being constant, equal velocities are generated 
in equal times, i.e. the acceleration of m is constant. Benctij 
Art. 39, the measure (a) of this acceleration is equal to the 
measure (v) of the velocity generated in a unit of time. 

Hence the intensity of the force ; unit of intensity ^m.ot 
therefore the intensity of the force=wia. (unit of intensity), 
i.e. the measure of the intens]ty=ma. 

K now we denote this measure by F, we have 
F=jit.a. 

122. We know that a body falling freely has an acceleraUoi 
g. Hence, if JV is the measure of the weight, i.e. the int^ 
sity of the earth's attraction on the mass m, 



123. We obtain an expression for tlie measure of an impulM 
from tlie fact that an amount of force is proportional to thd 
momentum it can generate. 




it one amount of a force be expended on a mass 
' be the resulting velocity. Let a second amount be 
a mass m', and v' ha the resulting velocity, then 
first amount ; second aniount=m.s;;mV. 

We take as our unit of amount that which will generate a 
unit of velocity in a unit of mass. 

Now take this unit for our second amount, and let the mass 
it acta on be the unit of mass, then m'^1 and v'^l ; also take 
the amount of force, whose measure we wish to express, as 
the first amount. 

Then the amount of force : unit of amount^wi.w ; 1.1 ; 

».'. the amount of force =»(.»!, (unit of amount); 
.■. the measure of this amount=m.!J. 
So that, with the above units, the measure of any amount 
of force is equal to the measure of the momentum it can 
generate. 

Now, by "an impulse" we have said we mean "an amount 
of force produced by an impulse." 

Hence, if an impulse will generate a velocity ii in a mass 
m, we say that the measure (F) of this impulse is nt.v., or 

Also by the unit of impulse we mean such an one as will 
Derate a unit of velocity in a unit of mass. 

124. We generally take a foot and a second as our units 

space and time, and then our units of velocity and accelera- 

in are determined by Art. 8, 3&. 

We have not yet stated what force and what mass we 
intend to take for our units of force and mass ; we have only 
laid down certain conventions as to the relations which shall 
hold between them, so that when one is settled, the others are 
determined also. 

We generally define our units of mass and force by means 
certain mass defined by Act of Parliament, called the 

)uad Avoirdupois, 



DYKAMfCAL UNITS. 

v. Take » our tuitf offi&iUfone the intensity of Uie vd^blf 
of tJie above maas. 

TbjitKtMeiiiuJt^BNut. Letm be the measnie of the above 
mass, then, die measure of the intensity of its weight being 1^ 

we have. Art 122, l=m.j.; .". •»= — J 

ie. the above mass is — of the unit of n 

9 ^^ 

Hence our mat of mass is g times the mass of a potinj 
avoirdupois. 

Then our unit of impulsivf force is that which can generate II 
velocity of one foot per second in this unit of mass, 

2^ Take as our imU of mass the mass of one pound avoi 
dupois. 

To Jmd the unit of faret. Let f be the measure of d 
intensity of the weight of this mass, then, the measure of ll 
mass being 1, we have, Art. 122, /"=(/ ; 

i.e. the weight of this mass is g times the unit of force. 

Hence our unti o/ (finite )/orce is the weight of — of the mai 
of a pound avoirdupois. 
Of these two systems we generally adopt the first 

126. Further, whichever of the above systems we take, tl 
unit for measuring forces statically is always the force (ci 
it A) whose intensity is the unit of intensity. 

Now let / be the measure of the statical efiect of any for 

(P), then statical effect of P : statical effect of A =/ : 1 ; 

.■., Art. 120, intensity of P : intensity o^ A=f: 1; 

.'. intensity of P=f. (intensity of A) ; 

,', the measure of the intensity of P=/. 

Hence the statical effect of a force and its intensity are boi 

measured by the same number. 

Hence generally when we talk of a force we mean iudi 
criuiinately its intensity or its statical effect 
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EXAMPLES.— XX. 



[ (i.) What is the mass of a body whose weight is 6-i lbs. ! 

(3.) What is the weight of a body whose mass ia ^ 'I 

(3.) A force 30 acts on a masa 5 for a second i determine the velo- 
city produced. 

(4.) Determine the acceleration produced in the motion of a tnasa 8 
by & force 8. 

(5.) What momentum will a force of 6 lbs. produce in 10" 1 

(6.) A force of sufficient intonaity just to auppott 5 lbs. acts on a 
10 ; determine the acceleration produced. 

{?.) A force of 12 Iba, acts on a maaa of 20 Iba. weight ; determine 
acceleration. 
) Determioe the mass of a body, on wtiich if a force of 5 lbs. act 
for 12", a velocity of 15 feet per seoond will be produced. 

(9.) What force will produce an acceleration 5 in a body whose 
■weight ifl 5 lbs. ? 

(10.) An amount of force 16 is exerted on a mass 3 ; determine the 
velocity generated. 

(II.) What impulse will be required to produce a velocity of 7 in a 
mass weighing 8 Iba ? 

» (la.) A weight of 15 lbs. having fidlen throngh 100 feet ; determine 
Be amount of force necesaary to stop it. 

(13.) When a mass of 20 lbs. weight falls to the ground from a 
Height of 25 feet, determine the shock on the ground. 

(14.) In what time will a force, which would support 5 lbs. weight, 
move a mass of 10 lbs, weight through 60 feet along a smooth hori- 
zontal plane, and what will be the velocity acquired ) 

(15.) Find the number of inches ttuDugh which a statical pressure 
of one 07. constantly exerted will move a mass weighing one pound 
in half a aecond. 

(16.) In what time vrill a force, which will juat support a weight of 
a weight of 6 lbs. through a space of 9G feet on a smooth 
■ntal table! 

(17.) If a velocity of 100 feet per second is generated by a constant 
force acting npon a body, weighing 1 lb., in five seconds, what weight 
would the force statically support 1 
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{|8.) A force, which would support 60 Ihs., acts for a. minute oi 
body weighing 300 ibs. ; find the Telocity it produces, 

(19.) A forcB acting for 10" produces a velocity of B miles mi botff 1 
EQ a body weighiDg 1 cwt SO lbs. Find the mBgnitude of the forcSa 



nlba. 



1 a smooth horizontal table il J 
)s. ; find the acceleration of ita I 



(2o.) A weight of 20 lbs. lying 
moved by a force equivalent to 1\ 
motion. 

(31.) Wliat is the magnitude of a blow which will start a weight n 
6 Ibfl. with the velocity 100 feet & second ' 

(aa.) A railway train moving at the rate of 23 nules an honr ia 
brought (0 rest in 3 minutes, the retarding force of the engine being/ 
supposed uniform during the time. Show that this force : weight of i 
the train hh 11 ; 1890 (assuming j to ~ 

(23.) What must be the relation between the magnitudes of th«' 
units of time and space, in order that the unit of mass may be thtt, 
mass of a unit of weight T 

(24-) What pressure will be required to produce in 8" a velocity 
64 feet per second in a weight of 644 lbs. 1 

(25.) A locomotive 10 tops weight, setting out from rest, acquires 
a velocity of 20 miles an hour after running through a mile on a 
horizontal plane, under the action of a constant pressure. Calcubte in 
pounds approximately the difference between the moving and resist-. 
ing forces. 

(26.) A foot and a second being units of apace and time, and the 
unit of acceleration that which generutes in a second a velocity of one 
foot a second, and the mass of ft cubic foot of water, which wei^v.. 
1000 oz., being unit of mass ; find the nnit of weight. 

(27.) A bail of 10 lbs. weight is held in the hand and lowered 
an acceleration (1) of 10 feet per second per second, and (2) of 40 
per second per second. What are the pressures on the hand 

(28.) What is the unit of weight when the unit of mass ■ 
5 lbs., and a foot and second ace the units of space ajid time 1 

(29.) The scale-p,ins of a pair of scales being first allowed just ta 
rest on a horizontal table, the fulcrum is raised (1) gradually, or (2) 
with a jerk ; of what is it thnt the relative amount is tmm«(ltat<Iy 
" n the respective c — ' 
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V KINETIC EQUATIONS. 95 I 

^ 126. We shall often have to consider a problem similar to, V 

or a particular case of, the following : — 

Let a number of finite forces act, in one plane, on a body of 
mass m ; and let their action be such that it moves without 
rotation. 

Draw in the plane two lines, Ox and Oy. 

Each force is equivalent to two components, one parallel to 
0% and the other to Oy. 

Let X and Y denote the algebraic sums of these two sete of 
components respectively. 

Then the system is eqiiivalent to the two forces X tuid Y. 

Let the acceleration of the body's motion, produced by the 
given system, bo equivalent to the two components a. and j8, 
parallel to Ox and 0^. 

Then X and Y between them must be capable of producing 
these accelerations. Also, each force produces the change in 
its own direction, by Law II. ; .'. X produces a., and Y pro- 
B duces /S; 

b .-., Art. 121, Z=7na, Y=m^. 

^P Generally Oz and Oy are at right anglea to one another, and 
then X and Y are the snms of ths resolved parts of the forces 
in the directions Ox and Oy. 



127. Similarly, if the forces be impulsive, let X and Y 
denote the algebraic sums of the resolved parts, in two per- 
pendicidar directions, of the araounta exerted by the forces ; 
u and V the changes in velocity, in the directions of X and Y, 
produced by the forces. 

Then, as in Art. 126, u is due to X, and vlo Y; 

^L .-, , Art. 123, X=mu, r='m. 



■ AJbo the above is true, if X and Fare the amounts expended 
jr a system of finite forces, and u and v the consequent changes 
in the velocity in the two directions. 



128. Prop. The momenium, of a syslem in a/mi directirm is 
altered by any action between the parts of the system. 

On account of this action some amount of force vill b 
exerted by one part on the other. Therefore, by Law IH., i 
exactly equal and opposite amount mil be exerted by t 
second on the first part. Hence tbe resolved parts of the 
forces in any given direction wiU be exactly equal ai 
opposite. Also, by Law IL, the change of momentum of ea 
body in this direction will be proportional to the resold 
part, in this direction, of the force producing it. 

Hence the changes in the momenta of the two parts in tl 
direction will be exactly equal and opposite. 

Hence there will be no change in the momentum of ti 
whole system in this direction. Q.E.O. 

129. Suppose a fine inelastic string is moving along 
straight line or a curve, into which it is bent by bei 
stretched over a surface. 




Let ACDB be the string. 

At any point C the portion AC pulla the portion CB n 
some force along the tangent at C from C towards A. 

Hence, by Law HI., CB pulls CA with an equal force aloi 
the tangent at C from C towards B. 

We talk of either of these forces as the tension of the S. 
att7. 



The following is the case which we generally consider ; — 
The sur&ce (if there is any) ia smooth, and the string is ao 
fine that the mass of any portion may be neglected, and no 
other external forces act on any portion but the tensiona at the 
ends, the pressures of the surface at the various points in 
contact and the weight. We can, in this case, show that the 
tensions at ail points are the same. 

Let Z* he an adjacent point, wMch we will ultimately make to 
move up to C. Then CD may be considered as a straight line. 
The pressure of the surface at every point of CD is perpen- 
dicular to its length, and therefore to its direction of motion, 
tand therefore cannot afiect its motion in that direction. 
Alao, since the mass of CD may be neglected, its momentum 
ttid weight, which are proportional to its mass, may be 
;Xeglected. 
; Hence the only forces which can affect the motion in the 
■direction of its length are the tensiona at C and D. 

Denote them hy T and 1°, and the acnte angles they make 
with CD by B and 6'. 
Hence, resolving along CD, T cosd—T' cosO'=0. 
But ultimately, when D moves up to C, and ff both tend 
to 0, and therefore cosd and cos^ to 1 ; .'. 7=2". 

Hence the tension at any point ia equal to the tension at 
the succeeding point, and so going on we can show that the 
tensions at all the points are the same. 

Hence we can talk of Uie tension of the string, without 
specifying the point. 
Thus the tension of a tight inelastic string, being the same 
I at all points of it ai the same irislanl, will exert on two par- 
I tides, attached to its enda, equal amounts of force in the same 
interval of time. 



130. In all instances of motion discussed in this treatise we 
Degleot the effect of the resistance of the air, or, what comes 
^o the same thing, we suppose the motions executed in vacuo. 



IMPULSIVE TENSIONS. 



131. Ex. P and Q are two particles coimeoted b7 a etring, 

which is passed over a smooth peg ; initially, Q rests on a table, 
on which some of the string is coiled, and P descends freely. 



Oi 



After a time, P has descended so far that 
the whole of the string becomes stretched. 

Then, at one instant Q is at rest on the table^ 
and at the next it is moving upwards with the 
same velocity that P then has. 

Hence Q has acquired a velocity instantan©- 
oualy, and therefore an impulse must bav* 
acted on it by means of the tension of tbft 

Let T denote the amount of force exerted 

Fia. 30. by this tension to move Q off. 

Let F be the velocity of P just before Q has begun to movB^ 

V that of P and Q just after 

and let m and m' be the masses of P and Q. 

Then the momentimi m'F" has been produced in Q by T; 

.-. T=m'F\ 
Also, an equal amount of force has been exerted on P (Aiti 
129), and has produced the change, mV—mV', which 
taken place in the momentum of P ; 

.: T='mV-mF: 
mV; 

mm'V 



Hence m'F'= 
.\V'=- 



and 2-=™ 



Also the amount of force expended on the peg is 2'. 
_ 2mm'V 
^ m-\-m' 

During the very short time, in which the change of velodty 
was taking place, the intengity of the force of the impulse 
went very rapidly through very considerable changes, and at 
one time was very great indeed. Sometimes the string if 
able to bear this great intensity and snaps. 



IMPULSIVE TENSIONS. 

I Suppose the string was juBt able to support a, weight of 
_J0 lbs., tlien the string will break, if during the impulsive 
piction of the string the intensity of the tension exceeds 50 lbs, 

132. Ex. P, Q, a are three particles, f and Q are con- 

[ nected by a string stretched over a smooth peg ; Q and B 

I Jtte connected by a string, part of which, with E, lies on a 

vertically below Q. And suppose that P is descending, 

lad Q ascending, when the second string becomes stretched. 

Then, at one instant i? is at rest, and at the ^ — >,^ 
Sext it ia moving upwards with the same velo- 
feity that F and Q then have, which is different 
I to what F and Q had at the previous instant. 
Hence there has been an instantaneous change 
1 the velocity of each of the particles, and 
Sierefore an impulse must have been exerted 
y each of the Btringa. 

Let T and T be the amounts.of force exerted f 
y the strings PQ and QE, respfeijtively. f,o. si. 

Let Fhe the velocity of F and Q just before E begins to 

. V the velocity of F, Q and E just after E begins to 
I, 

t m, m' and m" be the masses of P, Q and E. 
Then the momentum m'V has been produced in .B by 7"; 

.-. r=mT (i) 

Also T has produced the change, mV—mV, which has taken 
['.place in the momentum of F ; 

.•.T=mr-mV: ... (2) 
And the change, tn'V—in'V, in. the momentum of Q has been 
)duDed by the joint effect of T and ?" ; 

.-. r-T='m:v-m'r'. ... (3) 

1 these equations V, T aiid T may be found io terms 
1, m' and m". 
I The amount offeree expended on the peg is 2 J'. 




133. Ex. Od a smooUi horizontal table lies an tnelaa 
string, and to eai^ end 13 attached a particle. One particle in' 
projected along the table. Having given the velocity of this 
particle luid the inclination of its direction of motion to the 
string vhen the latter becomes Etretched, determine the 
impulse along the string and the initial motion of the other 
particle. 

Let P, Q be the partjclee, 
m, tn' their maasea, Q the one 
projected, V its velocity, and 
6 the angle its line of motion 
makes with the string wl 
it becomes stretched. 

Let T be the amonnt 
foree exerted by thi 
Fio. n. along the string on Q and 

f" the Telocity with which P hegins to move. 

The motion of Q just before the unpulse is equivalent to' 
f coaff along PQ, and Tsinfl perpendicular to PQ. 

The only force acting is along QP. Hence there is no change 
in the motion of Q perpendicular to QP. 

Also, after the impulse the velocity of Q along 
same as that of P, since the string is inexlensible 
change of Q's momentum, m\VcQa6 — V), in the direction. 




lotiOD 
whufl 

nt 1^1 

'PoW 
id,^H 



s wholly due to T ; 



.'(Fcoa^-F'). 



Also the impulse T acting on P produces the momentnin viF 



Hence mV'=ii 



■n; 



and ^='-^^^;^^. 

™ 1-1.1 m+m 

Hence Q is moving at the end of tlie impulse with a v 
city, whose components are "* /^"^ , along PQ, 

and VsiaO, perpendicular to PQ. 




Note 1, We have explained in the present Chapter, and 
in Chapters I. and II., the standards usually adopted. Other 
systems have also been proposed ; notably one in the Report 
of the British Association for 1873, to which we refer the 
student. It is proposed in this Report to use the Centimetre 
where we generally use the foot, and the Gramme instead of 
the Pound Avoirdupois. [One foot= 30.48 centimetres, and 
1 lb. = 453.6 grammes,] So that the unit of velocity would be 
that with which a centimetre is traversed in a second. Also 
the unit of force would be that which could, in one second, 
generate in a gramme a velocity of one centimetre a second. 
The other units would be altered in a corresponding manner. 



KOTE 2. By Art. 121, the measure of the intensity and the 
Kpieaaure of the amount of force expended in a unit of time are 
f the same. 

If A is the amount expended by a constant finite force in 
in interval (, then the amount expended during the unit of 

r tame ia -j , and therefore -r is the intensity. 

Also, if ji is the amount expended by a blow or other varying 
Sorce which takes up a time i, then -j is the average intensity 
wp! the blow and ia sometimes asmmed to be the intensity of 
"' e blow throughout. 




EXAMPLES.— XXI. 

{l.) An engine, whose power is sufficient to generate in 1* a v 
lifj of 150 feet & second in a mass M (whicli is ita own mass 
M . 



attached to a carriage, ma8a = -n-, by 
cbain 3 feet long ; this carnage 
=-,; this 



of an inelustic weightli 
attached in exactly the m 
third, niass=^- The engine and 



way to another, n: 

carriages are successively in contact when the train starts. Show that 
the kst carriage will begin to move with a velocity of 33 feet per 
second nearly. 

(2,) A, B, C axe three equal balls situated at the angular points 
A, B, C of an equilateral triangle, and connected by two fine strings 
AB, BG. The ball B receives an itnpulae in a direction at right ■m 
angles to AC, and in the plane ABC. Prove that the velocity p 
dnced thereby in ii is | of what it would have been if B had I 

(3.) A number of equal heavy particles are iaatened at equal d 
tftnces a, on an inelastic string, and placed in contact in a 1 
line ; show that, if the lowest be then allowed to fidl ireely, the vi 
with which the nth begins to move, is equal to 



V 



fa-l ) (2»-l) . 



(4.} A shot of mass in is fired from a gun of raasa M with a vetoc 
11 relative to the gun ; show that the actual velocity of the shot ■ 
^ and that of the gun - 



TM"^ 



-+M 



(5.) Two particles are tied oa in Art. 133, and are moving on a 
table in a given manner when the string becomes stretched. 
mine the impulsive tension and the motion of each partjule i 
stely after the impulse. 

(6.) Three particles are tied at different points of a string ana 
placed on a smooth table, bo that the string between two of them ii 
stretched and the two particles at rest. The other particle is now 
projected along the table, and is moving in a given manner when ths 
string becomes tight. Determine the motions of the particles it 
ately afterwards. 



X.— XINIFORMLY ACCELERATINQ FORCES IN THE 
LINE OF ItlOTION. 

134. We shall in this chapter discuss several prohlems, ill 
I ;which particles aie acted on by forces which cause them to 
■HLore 'with rectilinear nnifornily accelerated motions. 



135. Two particles, P and Q, are connected /'■~^ 
I by a string stretched over a smooth fixed peg, 
I each particle hanging freely. 

The string always being stretched, P and Q, 
I at every instant, must be moving with equal 
I Velocities, one up, and the other down. Also 
\ their accelerations must be equal and opposite. 

•.t m denote the mass of P, m' of Q, and sup- 
I pose m>m'. Pia.sa. 

Let T denote the tension of the string. 
Then the forces acting on P are, the weight, rrtg, downwards, 
and T upwards, 

and the forces acting on Q are, the weight, m'g, downwards, 
L snd T upwards. 

Now T must lie between rng and m'g ; for if it were greater 
I than each of them, both P and Q would have an acceleration 
upwards, and if less, downwards. 



r 
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Hence the forces acting on P are equivalent to m^— Tdoii 
wards, 
and the forces acting on Q are equivalent to T—m'g upwards 

.-. the acceleration of J^s motioQ=— ^ — - downwardE 

and „ Qa „ =?^=^? upwards. 

And theae, as we have said, are equal in magnitude; 

, y^ %wm'g , ,1 

m+m" ■ ■ - \ i 

,; the acceleration (a) of either particle 





— _^— _ ^^'^ _ m— m' 
~^ ra""^ m+m'~m+7rr' 
which is constant. Hence we can apply the fonnulte of Art. 
The following are examples of their application : — 
1". Suppose P and Q to be initially at rest. To find 
velocity V after I 

We have!j=oi 

2°. Suppose Q initially projected downwards with a velocity 11 
To find how soon the system will come to rest. ^^ 

Let t be the time which elapses before it comes to rest. 
Then, at the beginning of the time Q has a velocity u dov] 
wards, throughout the time it has an acceleration a upwai 
and at the end of the time its velocity is ; 

.■.o=„— i;.-.i=;= y_+g . 

To find also how far (s) Q has then travelled, we have 

2, [m-m') 
After this the system begins to move the opposite way. 



/iV THE LINE OF MOTION. 



FroDi (i) we see that 7" is constant throughout the motion, 
and is as much as would be required to support a weight 




—J, Hence the strain on the peg=23'=— 



136. A particle P is placed on a smooth inclined plane. 



r 

^H [Any line in an inclined plane, perpendicular to the inter- 
^H section of the plane with a horizontal plane is, of all lines that 
^B ean be drawn in the former, the one that makes the greatest 
angle of inclination to the latter, and is therefore called a line 
of greatest dope. Its inclination to the horizon is the inclina- 
tion of the plane to the horizon, called the elevation of the 
plane. 

Any vertical plane perpendicular to the intersection of a 
horizontal plane with the inclined plane cats the latter in one 

Ic^ its lines of greatest slope.] 
Let OT denote the mass of P, R the pressure of the plane. 
Then the forces acting on P are, the weight, wij, vertically 
downwards, and R perpendicular to the plane upwards. 
Let B be the elevation of the plane. 



Draw PA the line of greatest slope through P; then PA 
makes an angle ~—6 with the direction of mff. 
Also R and mg both lie in the vertical plane through PA. 
Hence the forces are equivalent to two, 

(1) R~mgv,os&, perpendicular to plane, 

(2) wijsinfl, down Pj^. 

Now, since P remains on the plane, there is never any 
motion perpendicular to the plane ; 

.■., from{l), R—mgco&6=Q; 
.'. R=:mgQos6. 
Hence the pressure on the plane is always the same. 
Again, from (2) we see that P always has an acceleration 



dowi,P^ = "«-» 



(3) 



Hence, if P is initially at rest at some point in PA, or if 
projected up, or down, PA, it always has a constant accelera- 
tion in its line of motion, and we may apply the formuhe of i 
Art. 58. 




1° Suppose P initially at rest at 0. To find its velocity, i 
at a point A, at a distance s &om 0. 
We have v*=2.ij^6.s; 

.: 11= VS.ysinfti. 
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Now draw ON perpendicular to the horizontal plane through 
A,'Caxsa.ON=i.%\DS; .:v= VSy.Oi^^, and this is independent of 
the inclination 6, and depends only on the vertical distance of 
A below 0. Hence, if OB represented any other inclined plane, 
down which P were allowed to descend, then the velocity when 
ou a level with A would bo the same as at A, and would he 
the same as if P had faUen freely from to JV, 

2"" If ii is the velocity at 0, then v'=u'+2.gam6.s 
=u^+2g.0N, 

Hence again the difference between the squares of the velo- 
citieB at two points depends only on the verliciU height between 
them. 

3° If P is initially at rest at 0, to find the time (i) of descent 
to^. 



Wc have s=LgsiRd.l' ; .: 1-- 



V. 



137. The same investigations hold good, if, instead of 
moving on a line of greatest slope of a plane whose elevation 
h B, F were a bead moving on a smooth wire, or in a smooth 
groove, which makes an angle $ with tlie horizon. In any 
one of these three cases P would be said to be moving on a 
tmooth siraighi line inclined to the horizon. 

138, If the plane is rough, let /i' denote the constant ratio 
between the Friction and the Pressure during the motion, 

^ called the coefficient of Kinetic Friction, 

Hence the friction=^'fl=^'n!^co8ft • 

Then, when the particle is moving upwards, the friction acts 
I down the plane ; therefore the force acting on the particle 
I along PA is mgsmQ-\-ii!mgcos9 ; 

.". its acceleration is g%\a.6-^ft.'gco&6, downwards. 
Similarly, when it is moving downwards, we can show that 
U acceleration ^sgaaO—ii-'gaosS, downwards. 



When the particle starts by moving up the plane, it will 
eventually come to rest ; and if fi is not greater than tan-'fi^ 
where /* ia the coefficient of Statical Friction, it will 
where it cornea to rest. 



139. Let j4BC be a vertical circle, of which A and B t 
the highest and lowest points. 




Let AC be any. chord through A. Then the acceleration t 
a. particle sliding down AC, supposed smooth, is gcoeCAB. 
Hence the time of descent down AC, from rest, 



bat AC=ABcoaCAB; therefore the time ! 



v^ 



2. AG 
cosCAB 

'Jab 



i\J , which is the time a particle would take to fall fi 

from A to B; therefore the times of descent down all choi 
through the highest point are the same. 

Similarly, we can show that the times of descent down ai 
chords, such b^ CB, through the lowest point are the a 



140, To find the straight line of quickest descent to a verti- 
cal circle &oni a point in its plane. 




Let ABC be the circle, D the point. 
. Draw the circle which has D for its highest poiBEl 
touches ACB externally. Let Q be the point of contact. 
Then a particle, starting from rest at D, will reach AOB in 
less time b^ travelling along DQ than by going along any 
other straight line. 

For let DPQ be any other line through D, meeting ABC in 
Q' and the second circle in P. 

Now the time of descent down DP is equal to the time down 
DQ; but the time down DQ' is obviously greater than that 
down DP, and therefore greater than the time down DQ, 

Hence DQ is the line of quickest descent from i> to the 
I circle. 

H. It can be shown by Geometry that DQ produced will 
pass through the lowest point of ABC. Hence we have the 
following simple geometrical construction. 

Join the given point to the lowest point of the given circle ; 
the part outside the circle is the line of quickest desceut 
I required. 




141. If we draw a circle, having D for its highest point, and^ 
tonched internally by j^C^, the line joiningi) to the point of con- 
tact is the line of slowest descent from the point to the circle. 

142. There have been devised a large number of problema, 
similar to the above, requiring to find the line of quickest, OE, 
slowest, descent from a point to a line. 

They all involve a method similar to the above ; namely, ' 
I., describing a circle touching the line and having the given 
point for its highest point, and then, II., finding a simple 
geometrical construction for drawing the straight line without 
describing the circle. 

If the descent is to be from a line to a. point, we begin 
describing a circle having the point for its lowest point. 

143. The results of this chapter niay be used to detem 
the numerical value of g. 

For instance, in Art. 136, the acceleration =psinft If then 
we observe the time {t) of passing over any distance (s) fromi 
rest, and the angle {&) of the inclination of the plane, we ci 
determine g by the formula s=\.gBai&.l'. This method \ 
proposed by Galileo ; but the impossibility of finding a plane 
sufiiciently smooth prevents us from using it. 

Also we cannot observe the direct vertical descent of a 
foiling body, since the rapidity of its motion prevents the time 
of descent through any distance being accurately determined, 
and also produces too great resistance fi^m the air for the ac- 
celeration to be considered uniform. It was for this reason that 
Galileo proposed the above plan, as with it, by making B suffi- 
ciently small, we can make the acceleration as small as we please. 

About the year 1780 Mr, Atwood invented a machine for 
producing a slow uniformly accelerated descent of a body, the 
expression for the acceleration involving g. (See A Treatiu 
on the BedUiTimr Motion (Wd Rotatum of Bodies ; with a descrip- 
tion of original experiments relative to the subject. ~ ~ 
Atwood, M.A., F.E,S., late Fellow of Trin. Coll., Cam., 



\ 



1114, A description of this machine is given in Art. 145, 
vrhicli will be the better understood for the foDowing re- 
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In Art. 136, if m and m' are increased by the same 
' amonnt x, then the acceleration is decreased from , , g to 

lange being made in the numerator of the 



■m'-i-2:r' ' '-'"■&- """-e 
expression. 

Again, the peg was taken to be smooth. 

This would be impossible in practice, and therefore the 
motion of the particles would be checked by the friction. 
To obviate this, we may pass the string over a small piilley 
turning on an axis, whose ends are pivots supported on 
Bockets, or better stiU, on two pairs of small wheels, called 
friction wheels. 

For then the friction is produced, not by the shding of 
the string over the swface of the peg, but by the axes of 
the pulleys, as they rotate, nibbing against their supports 
across the lines of contact, and therefore is so slight that 
the diminution of the acceleration thus caused may be 



By this means, however, we have introduced a new check 
to the motion. For the forces acting on the system have to 
change the motions of the pulleys as well as those of the 
weights. Hence the rate of change of the motion of these 
latter is diminished. Its actual amount can be easily calculated 
by Rigid Dynamics, when the make of the pulleys is known. 
It is there shown that the acceleration of the weights is the 
same as if the pulleys were smooth and fixed, and a certain 

1 amount ( say ~ \ added to each weight, i.e. the acceleration 
I by experiment, 
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145. AitBQo^s Machint. — Two exactly similar and eqno 
bodies P and Q, each of mass m, are connected by a fine t 
passing over a pulley, whose pivots are supported by foil 




t 



fi^ction wheels (two only being shown in the figure) i 
the top of a pillar, by the side of which is placed a graduatfi 

scale so that Q descends close to it. To this scale t 



I moveable frames, or platforms, X and Y, are attached by 
r screws so as to be capable of being screwed to any points of 
^ the scale. 

The upper frame X is pierced so as to allow Q to pa88 
through it. 

Place Q above X. Then P and Q, being equal, will remain 

at rest. Now let a small rod R, of mass z, be placed on Q, 

' projecting from each side of it, ao as not to be able to pass 

through X. P ascends and Q, with R, descends with uniform 



acceleration, which would be 



2m+z-' 



If the pulleys were fixed 



I and smooth, but which is g . g {=/), since the pulleys, 

f BB well as the masses P, Q and B must have the motion com- 
[ municated to them. 

Atwood shows how n may be determined by experiment, 
"When Q passes X, Rh caught off. F and Q have now no 
acceleration, and therefore move on, with the velocity they 
have then acquired, till Q reaches Y. 

There is also clock-work attached, by which the times 
of descent of Q through any spaces may be accurately ob- 



Let the system begin to move, and observe the time ( which 
Japsea till Q passes X, and the time f from that moment till 
it reaches Y, and measure XF (s). 

Let V denote the velocity acquired when Q passes X. 
Then Q moves over the space s in the time i" with the 
' taiform velocity «; 

,'. 5=0/'; .". e ia found. 
But, in the time I, Q has moved with the uniform accelerar 
I tiaaf, and has acquired the velocity v; 

,;v=fi; .'./is found. 
Bnt'm, m', z, n are known; .'. g\s found. 
The value of g is found to be shghtiy different at different 
kpoints of the Earth. 
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EXAMPLES.— XXII. 

(i.) Two miiaaea, nti, tni, ate winnected by o string, which paBaea oi 
a smooth peg. If the peg can onlj bear one half of the snm of t 
weights of mi aud in,, show that the lenttt ratio of nw t« m,, 
with the conditions of the system, is 3 + 2^2. 

(2.) A weight P, having &]Ien through a certain height, begins 
puU up a heavier weight Q hj means of a chord passing over a pullef 
find the height through which it will lift it. 

(3.) The tinie of descent of a weight of 12 Iba. down a plane, in 
at 30° to the horizou, is doubled by its counection with a weight 
ing bj a string pujssed over a pulley at the top of the plane ; what 
the latter weight ? 

(4.) Two particles of given itusses are connected by an inexteosilt 
string, which is laid over a doable inclined plane with a pulley at tl 
top ; and the planes are inchned to the horizon at angles a and J 
Find the acceleration of the particles, and the tension of the stril 

(5.) Sixteen halls of equal weight are strung like beads upon 
string, some of them are placed on an inclined plane, whose angle 
Bin-'J, and the rest bang over the top of the plane. How have d 
balls been arranged, if the acceleration of the resulting motion at fin 
be half that of gravitation 1 

(6.) Sixteen equal weights are strung looaely on a string ; ho 
most they be arranged so that, when the string is laid upon a smoot 
fixed pulley, the motion may be the same as that produced when ha 
the number of the balls is drawn over a smooth horizontal table fa 
the weight of the otlier half hanging over the table edge. 

(7.) A string hanga over a fixed pulley ; a weight of two poundi 
bangs at one end, and a pulley at the other : over the pulley hongs a 
string carrying a weight of one pound at each end ; when the whole is 
in equilibrium, any force is applied to one of the smaller weights ; show 
that when it has pulled it down three inches, the other one pound 
weight and the two pound weight haa each risen one inch ; show ako 
that, if the motion of the weight to which the force was applied be 
st«ppod in any gradual manner, the whole will be brought to rest, 
the dintaucea travelled by the weights will be aa 3 : 1 : 1. 



3 end of a atring 
e be projeckd upwards with 



(8.) If two equal u 
passing over a smooth fixed pulley, and oi 
a velocilj of -|- feet per second, find when the string will become 
Btretched, and the common velocity at the instant after it becomes so. 

(9.) A number of equal weights lue attached to different points of 
a string, and the string is then plaoed over a smooth pulley ; ahow 
that, at any aubeequent time, the tenaiona of the auocesaive portiona 
of the string are, on each side of the pulley, in arithmetic progree- 

(10.) A string passes over a smooth fixed pulley carrying a weight 
F at one end and a pulley of weight Q at the other. Over the pulley 

[. Q is hung a string carrying weights p and q at its two ends respec- 

l tively. Supposing P to move downwards, determine the tension of 

' the two fltringB and the acceleration of each body. 

(i 1.) A string, loaded with a aeries of equal weights at eqnal dis- 
tances along it, is coiled up in the hand and held close to the peg, 
to which one end of the string is attached. The support of the hand 
being suddenly withdruwn from the coil, find the finite and impultioe 

I Bti^na on the peg when the r** section of the string becomes tight ; 

I ibe mass of the string being neglected. 

' If a uniform chain, of length a and weight w, be treated in a similar 
manner, show that the strain on the peg when a length x of chain 
becomes tight = 3 — W. 

(12.) Two weights are attached to the ends of an inextensible string, 
which ia hung over a smooth pulley, and are ohaerved to move through 
6*4 feet in one second ; the motion is then stopped, and a weight of 
fire pounds attached to the smaller weight, when these descend 

I through the same space as it ascended before in the same time. De- 
termine the original weights. 
{13.) Two weights of five pounds and four pounds together pull 
me of seven pounds over a smooth fixed pulley, by means of a con- 
necting string ; and after descending through a given space the 
four pound weight is detached and deposited without interrupting 
the motion. Through what apace will the rem^ing live pounds 



{14.) Two scaie-pans of equal weight W are connected fc 
K-ftring which passes over a amooth souvll pulley, and in them ai 



placed 




wdghfs W„ W, ; show that the preasuies, which these weighia 
on the pana during motion, are 

, and 2W, 

(15.) A smooth uniform, string hangs at rest over a peg. Prom one 
end of the string one fourth of its whole length ia cut off. Show 
that the pressure on the peg is instantaneouslf diminished hj one 
third of the whole weight of the string. 

(16.) A fine string ia attached to a, fixed point, carries a amall ring 
whose weight is W, and, passing over a small pulley in the same hoii- 
nontal plane as the fixed point, has a weight W, + W, attached. The 
system being in equilihrimn, the weight W^ is removed. Show that J 

the Htraia on the fixed pomt is instantly reduced by ..t'.. — ^^| 

times its former value. ™ 

(17.) If a body be projected down a plane, inclined at an angle 30^ 

to the horizon, with a velocity = f of that due to the height of the 

plane, the time down the plane will equal the time down ita vertical 

height from rest. 
(ig.) A particle falls down a smooth inclined plane. At the fi 

observation the velocity is 25 feet per second, at another, three se 

later, it is 45 ; determine the inclination of the plane. 

{19.) A body, moving down a smooth inclined plane, is obs 

to fall through equal spaces, it, in consecutive intervals of t 

T„ T, ; prove that the inclination of the plane to the horizon il 
■ -i/_??L_ ^1 - ^A 

*"* VffT, r> t,+tJ' 

(20.) On a railway where the friction is jj^th of the load, a 
that five times as much can be carried on the level as np an incline g 
1 In 60 by the stime power at the some rate. 

(21.) AP, AQ are two inclined planes, of which AP is 
(li=taaPAQ) and AQ is smooth, AP lying above AQ ; show that ij 
bodies descend from rest at P and Q they will arrive at A, (1) ii 
same time if PQ be perpendicular to AQ, (2) with the same y 
if PQ be perpendicular to AP. 

(22.) Two equal weights ore connected by a string and l«d o 
table BO that one is just over the edge and the other on the table, tl 
BtiiDg being stretched between them, perpendicular to the edj^e. 




I 



lengtli of the Etring be I and tbe height of the table h, find the velo- 
tj with vhich the second weight learea the table. 

(23.) A railway carriage detached from a train going at the rate of 
30 miles an hour is stopped by the friction of the rails in half a 
minnte ; find the coeffident of friction. 

(24.) A weight P after falling freely throngh a feet begins to raise 
a weight Q greater than itaelf, and connected with it by means of a 
string passing over a smooth fised pulley. Show that Q will have 
returned to its original position after an interval 



2F /2a, 
Q-PV g- 



Q- 

(25.) The time down a chord, to the vertex, of a parabob, whose 
axis is vertical, varies as the cosecant of the chord's inclination to the 
TerticaL 

(26.) Prove that the locus of the points, from which the times down 
equally rough inclined pknes to a fixed point vaiy as the lengths of 
the planes, is a right circular cone. 

(27.) A chord AB of a circle is vertical and subtends at the 
centre an angle 2 cot~V- Show that the time down any chord AC 
drawn in the smaller of the two segments, into which AB divides the 
orcle, is constant, AC being rough and /i the coefGcient of friction.- 

(28.) AB is a vertical diameter of a circle, AP a chord meeting, 
when product, the tangent at B in the point Q ; prove that the time 
down PQ a: BQ, and that the velocity acquired down FQ oc the 
chord BP. 

(29.) Find the position of a point in the circomferenoe of a circle, 
in order that the time of descent from it to the centre may be the 
same as the time of descent to the lowest point. 

(30.) The plane of a circle is gradually inclined to the vertical. Show 
how the radius of the circle must cbange bo that the time of descent 
down the chords may be the same aa it was when the plane was 
vertical. 

(31.) Determine the lines of quickest descent in the following 

(1) From a point to a straight line ; 

(2) From a circle to an external point in its plane ; 

(3) To a circle from an external straight line in its plane. 

(32.) A parabola is pbced with axis vertical and vertex np- 
wuds ; prove that the square of the time of quickest descent &om 




a given point in the axiii along a chord to the ( 

the aiim of the ktiu rectum and the homontnl chord through that ' 

(33.) Prove that, if PQ be b chord of quickest descent from one 
curve in a vertical plane to another, the tangenta at P and Q ore par- 
allel, and PQ bisects the anglea between the normulj and 
vertical. 

(34.) Show that the time of quickest descent from aaj point of & 
ellipse to the horiwintal axis major down the normal is^ -^ I beinj 

the latuB rectum, and e the eccentricitj. 

(35.) If two parabolas be placed with their axis vertical, ■ 
downwards and foci coincident, prove that there are three chords down 
which the time of descent of a pajticle, under the action of graTity, from 
one curve to the otlier, is a minimum, and that one of those is tbe 
principal diameter and the other two make an angle of 60° w 
either side. 

(36.) The time of descent from rest down chords of e 
through the lowest point is a iiiiiximum, and a minimuni, 
chords which are paraliel to the transverse, and conjugate, 1 
respectivelj. 

(37.) In an Atwood's machine, if the string con only beaf a 
of one fourth the sum of the weights at its two ends, show that tl 
larger weight cannot be much less than six times the smaller, and tl 

the least acceleration possible is -j^ ■ 

(38). Compare the weights in An Atwood's machine when t 
heavier, starting from rest, descends a space equal to the length of tlii 
seconds pendulum (39'S in.) in a. second. 

(39.) The power and weight are in equilibrium io the system 
pulleys in which each hangs by a separate string. If the weight h 

doubled, prove that the acceleration of the weight is oiTToi *^^ P^ 
being without weight. 

In the same system, the power and the weight ( W) would be !l 
equilibrium, if the pulleys were without weight ; show that, if the w 
of each pulley be vi, the acceleration of W 



"'3fr.(fi-+l)+w(2*'-l)' 
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(40.) If the weight attached to the free end of the string in a system 
of pulleys, in which the same string passes round each of the pulleys, 
be m times that which is necessary to maintain equilibrium, show that 

the acceleration of the ascending weight is gr, where ti is the num- 

mn+ 1 

bar of strings at the lower block, and the grooves of the pulleys are 
supposed perfectly smooth. Compare the tension of the string with 
the ascending weight. 

(41.) Two particles slide down two straight lines, in a vertical plane, 
starting simultaneously from their point of intersection ; prove that 
the line joining them at any time is equal to the space, through which 
a particle would have moved in the same time, along a line, whose 
inclination to the horizon is the angle between given lines. 

(42.) In the first system of pulleys there are four moveable pulleys, 
each weighing one pound. Show that, if the power is given by a man 
hanging on with a uniform strain of 150 lbs., a ton would be raised 
from rest 903*6 feet in the first half minute. 

(43.) Two unequal weights are connected by an inextensible string 
which passes over a smooth fixed pulley. The stand supporting the 
pulley is placed in the scale-pan of a balance. Show that the system 
will have a constant apparent weight during the motion, and compare 
it with the true weight. 
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146. Prop. I. JF?ien a Mavy jmriicle is p-qjected in awj 
tion, not vertical, its path is a parabola. 

The only force acting on the particle ia its weight, and this, 
by Law II., will produce the same clumge in the motion of the 
particle as if it were initially at rest. 

Suppose then the particle to start from a point P, in direc- 
tion PT, with a velocity u. After a time t it would, if initi- 
ally at rest, have acqaired a vertical velocity ji; and therefore 
in the given case it must also have acquired a vertical velocity 
gt. Hence ita velocity can be represented by saying that it 
has one velocity u in direction PT and another gt vertically 
downwards; and the same is the case whatever value t huve. 

Therefore, it always moves in the vertical plane through 
PT; and we can represent ita motion {Art. 50) by saying that 
it retains its velocity u parallel to PT and has the acceleratioa 
g vertically downwards. 

Draw MPV vertically through P. 

Let Q be the position of the particle after any time t reckoned ' 
from the instant of starting. 

Draw Qf' parallel to PT, meeting MPV'm V. 

and Qm „ MPV „ PT „ m.. 

Then, Art. 62, (1), PV=Qm=yt\ 
VQ=Pm= u.l. 

.:, eliminating (, QV'=~-Pr. - - . (i): 

Also, the particle begins by moving along PT, i.e. PT is tJwJ 
tasgent to the path at P. 



I 
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Now, if we drew a parabola, passing through P, having FT 
as the tangent and FV as the diameter at P, and its focus S at 




Fio. 89. 

a distance ~- from P, then (i) is just the relation which would 

hold between the ordinate Q,V and the abscissa FV of any 
point Q on it. Hence we conclude that the path is this 
parabola. 
Cor. Let VFM meet the directrix in M. Then FM^FS 



147. Prop. n. The vdocily at any point of the path is ths 
ia magniivde as vxiuld he aapmed by a paTtide in faUing to IhaH 
fcmt from the direckic. 

Let Vhe the velocity acquired by a particle in falling firom 

MtoP. Then J^ = 2.g.PM'=2.g.~=u\ 

Hence the Proposition is true for the point of starting. 

Now the particle must start from every point of its path in 
order to describe the sabsequent portion. Therefore every, 
point may be considered aa a point of starting. 

Hence the Proposition is true for all points in the path. 

148. Let 6 be the ai^Ie which PI" makes with the horizon, 
CitUed the angle of projection. 

Then u, the velocity of projection, is equivalent to 

(1) u cosfl in the horizontal direction, and 

(2) M sinff „ vertical „ 
By diBCUSsing separately the motions in tliese two directionSf 

we can work out most problems. 

149. Consider what takes place during the motion. Thft 

force which acts on the particle changes the velocity in th* 
vertical direction only. 

Hence the horizontal component remains constant and equal 
to w cosfl. 

Also, the effect of the force is to generate during every 
second a change, equal to (? vertically downwards, in the velo- 
city. Hence the vertical component at the end of the time t 
ie u sinfl— jrf. 

If the particle is projected npwards, « sin^ is positive ; and! 
therefore u BinO—gl is positive at first; but as ( increases i| 
gradually diminishes till it vanishes; after that it ht 
negative, showing that the particle is now descending. 

When u anB—gl= 0, the particle is at its highest point (J^ 
At this instant, there being no vertical velocity, it ts movinf 
horizontrtlly. It. the tangent to the path at A is at right angUi 
to the axis, and therefore A is the vertex of the parabola. 
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150. Pbop. ni. To find the ivme of rmrMng (he ^itrtex, and Us 
\ height, when there, above the point of darting. 

Let T be the time of rising to A, then « sinfl— y.T.=0 ; 
T~ '"' ^'"^ 

Let A he the vertical height of A. On starting from P the 

particle has a vertical velocity it siofl, and, (luring the interval 

that it is traversing the vertical distance A, it has a vertical 

acceleration —g, and at the end its vertical velocity is 0; 

.-. 0=M'Bin'fl— SffA, Art;. 58 (3); 

151. Prop. IV. To find the laius Tectum. 

Let the axis SAX meet the directrix in X, then the whole 
I latDB rectum = ^AX. 

At A the particle has no vertical velocity ; therefore its 
I whole velocity is the constant horizontal velocity u do&9 ; 
\ also, its distance from the directrix is AX. 

Now the velocity acquired in falling from A to X^ rJ^gAX; 
.: u'coB''d=2.g.AX; (Art. 147.) 
.-. iAX=^-^^^. 



EXAMPLES.— XXIII. 

(1.) A fine tube indined to the vertical hm a aDtfomi rectilinear 
notion parallel to itself, and a particle is allowed to run down it ; find 
the locuB of the path of the particle in space. 

(2.) A particle ia projected with a velocity, 60 in a direction making 
60° with the horiwn. Determine the position of the directrix and 
' the length of the latus rectum of ita path. 

(3.) A ball ia projected in a direction inclined at an angle of 30° to 
1 the horizon, and with a velocity which it would have acquired in fall- 
rom reat through a space of 100 yarda ; find the grenteat height 
I ' ;tttuned by the ball. 
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(4.) A body projected from A is deacribing a parabola, and when it 
is at P it is vertically above B, which is a point in the horizontal plani 
through A. If the directioD of motion at P cuta the line of projection 
in the point Q, prove that QA = QB, 

(5.) A number of heavy particles are thrown all from one point, so 
as all to attain the same greatest height in the same vertical plane. . 
Show that the locua of the foci of the curves described is a parabola 
whoBD vertex is at the same height above the point of projection, 

(6.) A number of particles are projected from the some point, aa as 
all to describe parabolas having the Mme latus rectum. Show that 
tlie loouB of the foci is an equal parabola, with its vertex downwards, 
and its focua at the point of projection. 

(7.) In the path of a projectile, if « and v be the velocitiea at the ends 
of any focal chord, and V^ the horizontal velocity of projection, ahov 

152. Prop. V. To deiermine the motion at any mstavi. m 
Let I be the time &om the momeat of starting till the instuitl 

under consideration. ■ 

Let V be the velocity at this instant, I 

4> the acute angle the direction of motion then makes! 

with the horizon. I 

Then iTcoBi^=the horizontal component of the velodt^n 

=ucosd. ■ 

And psin<^= the vertical component of the velocity ■ 

=usui8—fft. H 

Th.refo™to*=ii5i^ .... (i^ 

&Ddv'=u^-2g.uBme.t+g*P . (3>9 

Thus (i) and (2) give the direction and magnitude of Ilii« 

velocity at the given instant. fl 

153. Prop. VI. To find the range, and time of fiigH, on fAfl 
Iwrizoidal plane Utrawgh the pcmii of starling. JB 

From P draw PB horizontaUy to meet the curve in .|H 

(Fig. 39). m 

Let ^ be the time from P to £, and R=PB. fl 



PARABOLIC MOTION. 



'm 



Then we have to find i and R. 

Now the particle starts from P with the vertical velocity 
u sind, and during the time t it has a vertical acceleo^tion —g, 
and at the end of i ite vertical diatance from P is ; 
.-. 0=Msinfti— IsC, Art. 58 (2) ; 
■ j_2Msin^ 
~~? 
Also, it starts from P with the horizontal velocity u coaS, 
which it retains throughout the time (, and at end of ( its 
horizontal distance from. P is £ ; 

„ 3^' BinflcoBg_ M'sin29 



Cor. 1. In Art 150 we found T= 



.-. i=2r. 



Therefore the time of going from P to P is douhle the time 
from P to .^, and therefore the time from ^4 to ^ is equal to 
the time from P to j^, 

Cor. 2. Also, its distance from the directrix is the same 
at 5 as at P ; therefore {Art. 147) its velocity must be the 
same in magnitude at P as at P. And by the symmetry of 
the parabola its directions of motion, i.e. the tangents at B and 
P, must make the same acute angle with PS. 

154. Prop. VU. To pnd the range, and Hme of Jligkl, on any 
plane through the point of starting. 




Let the plane meet the vertical plane of the path in the line 
PC, and let PC meet the path again in C. 



is6 
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f going from P to C, and 1 



We 



Let t be the time 
have to find t and R. 

We will consider sepaiately the motion in two directions at 
right angles, viz., parallel and perpendicular to PC. 
Let 0. be the inclination of PC to the horizon. 
The velocity of starting is equivalent to 
u coB{fl— a), parallel to PC, 
and u Bin(ff— a), perpendicular to PC. 
The acceleration throughout the motion is equivalent to 
— (/sinn, parallel to PC, 
and — ffcoaa, perpendicular to PC. 
At the end of the time (, the dietances from P are 
R, parallel to PC, 
and 0, perpendicular to PC. 
Therefore ^=ucos(fl-a)(— J.f/sinai* . . , (i), 
and 0=wsin(fl— a)i— ijcosai' . . . (i). 



From (2) 
Therefore 


yCOSa 

from (I), 

cos(fl— 0) Bin(ff— a) 

_^(f-)JcoB{ff-a 
ycos'a 1. 

8in(e-a)coBi9 


2m' sin 


.(fl-a 


nill 


2u' 

2u' 


ooea- 


sin(i9- 


a)ain 



Cor. Putting R into the equivalent form 



we see tliat R is greatest when siH(2fl— o) is greatest, 
i.e. when sin(2fl— a)=I, 



i.e. when ^=-t'+h 



Thus the greatest range is — ,. - , — - — ; ■ 



EXAMPLES.— XXIV. 

([.) A particle is projected with a Telocity 91 at an inclination of 
30° to the horizon. Find the lUAgaitude and the direction of the 
velocity at the end of 10". 

(3.) A hody ia projected in a direction inclined to the horizon at an 
angle of 16°, with a velocity 20. Determine the range and time of 
flight on the horizontal plane. 

(3.) A body starte with & velocil;y 3g at an angle 75° to the horizon. 
Find the times when it will be 30 feet ahove the point of starting, and' 
the distance between ite positions at those times. 

(4.) A particle is projected with the velocity 100 at an angle 4S° to 
the horizon. Find its range and time of flight on a plane through the 
point of starting inclined at an angle 30° to the horizon. 

(5.] A particle is started with a velocity 20. Fmd its greatest 
possible range on the horizontal plane through the starting point. 

(6.) Find the greatest range of a projectile on an inclined plane 
through the point of projection ; the initial velocity being 21, and the 
inclination of the plane 30°. 

(7.} Front the top of a bill, inclined to the horizon at an angle 30°, 
a ball is projected with a velocity u at an acute angle to the hilL 
Find the greatest range down tbe bill. 

(8.) If a body he projected at on angle a to the horizon with the 

velocity due bi gravity in 1", ita direction is inclined at an angle-H-to 

the horizon at the time tan-^, and. at an angle — ^ — at the time cot-^' 

(9.) With what velocity must a projectile be fired at an elevation of 

o strike an object at the distju)ce of 2600 feet in an a£oent 



of lii 
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(10.) The greatest range of a rifle on level ground is 1176'3 feet. 
Find th& initial velocity of the ball, and show that the greatest range 
np an incline of 30° will be 784"2 feet, neglecting the resistance of the 
atmosphere. 

(i I.) The greatest range of a rifle ball up an incline of 30° is found 
to be 3921 feet ; find tbe initial velocity of the ball, and show that its 
greatest range on level ground would have been68S['5 feet, neglecting 
the aOuospberic reaistance. 
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(I2.) A partide U projected ftrom the top of a tower with the yeh^'' 
city which would be acquired in falling vertically down n ' 
height uf the tower ; find the range on the horizontal plane through the 
bottom of the tower, nud show that it will be a maximum when the 
angle of projection is \ aec^' (I + 2m), 

(13.) Prove that the least angle of inclination to the horizon, at 
which a pnrticle can be projected so as to strike nt right angles any 
ilane through the point of projection, ia oob~'jJ, 

(14.) Twoprojsctiles fired with velocities due to the heights fc,,ft^ at 
angles of elevation from the horizon e,, e„ strike the some point on tha 
of a hUl on which the gun is placed ; find the inclination of the 
hill to the horizon. 

(i;.) A shell fired at an elevation & from a mortar placed at J, just 
cleaiB a veriiical wall whose elevation at .A ia a, and Btrikes the ground 
beyond at B \ show that the horizontal range AB is divided by the 
wall in D 90 that AB : BD=t&a0 : tano. 

([6.) Two bodies, projected &om the same point A, in directions 
making angles n, a' with the vertical, pass through the point B in the 
horizontal plane through A ; prove that, if (, t" be tke time of flight &om 
AiaB, 

ain(a-a') t^-C 

(17,) If D he the velocity with which a particle ia projected, (, t" th«J 
times it takes to reach the ends of a focal chord, <f> the angle which ittt 
direction of motion at the time ( mokes witji the horizon, thea' 

t*oo«'* + pRinV=-3- 

(18.} Three parijalee are projected simultaneoualy from the 
pomt, and strike the horizontiJ plane through that point gimul- 
taneously ; prove that, if their ranges are in geometrical progressicoi, 
the latera recta of their paths will also be in geometrical progression. 

155, Ex. A particle ia projected from a point P t 
velocity of given magnitude. Find the direction of projec 
in order that it may pass through another given point C. 

Let M denote the given velocity. 

Draw PM vertically upwards from P, and equal to s^i '• 

draw MN horizontally. 



the ■ 
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Tlien MN (Ai-t. 146, Cor.) ia the directrix of the necessary 
wth. 




Draw (7i\r perpendicular to MN, and describe two circles, 
with centres P and C and radii PM, CN, cutting each other in 
I 5 and fi". 

Then a parabola, described with focus S and directrix MN, 
. and passing through P, will also pass through C, since the dis- 
tance of C from the directrix is equal to its distance from the 
focus; and the tangent at P to this parahola is one of the 
directiona along which the particle must start in order to 
reach C. But this tangent bisects the angle SPM; therefore 
I this bisecting line is one of the necessary directions of pro- 
. jection. 

Similarly we can show that the bisector of the angle S'PM 
I is another such direction. 

If the circles touch, S and S' coincide in the point of con- 
tact, and there is only one direction of projection along which 
, the particle can start from P so as to reach C. 

If the circles do not meet there is no such direction. 

[ 156. The problem, wliich we have discussed in this chapter, 

is sometimes enunciated in its kinematicjJ form as follows :— 

A point is projected with a given velocity, and its motion 

has an acceleration constant in magnitude and direction, the 

I latter not being coincident with that of the velocity of pro- 

I jection ; determine the motion and the path. 
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The work ia exactly the eame. We should, however, use 
some general symbol (/) for the acceleration instead of 3, and 
instead of " the vertical line," we should talk of " the constant 
direction of acceleration ;" and, instead of a " horizontal line, 
" a line perpendicular to the constant direction of acceleration;" 
and instead of " falling from M to P" " moving from M U> P 
with the constant acceleration." 

157. The student is advised, in working the esampli 
to assume any of the results proved in thia chapter, except 
those of Art 146. 

All other results should be worked out for each particular case. 

158. Ex. A particle is projected on a smooth inclined plane, 
in some direction not in the line of greatest slope through 
the point of projection ; determine the motion. 

We may reproduce Art. 138 aa far as (3) ; except that in- 
stead of FA we will draw PF, and instead of the phrase J 
" down PA," we will use " parallel to PF." 



I 




Further, the direction of projection ia not coincident with I 
the direction of the constant acceleration g sinfl. 

Hence the path is a parabola on the inclined plane, having 
its axis in the direction of the lines of greatest slope. And 
all the results of Art. 146, etc, follow, reading g sinfl for g, 
" line of greatest slope " for vertical line, etc., and " time of j 
slidingfrom jtf to P" inateadof "time of falling from Jlf to i'.'JJ'^ 




159. The most common instances, in which a hody is pro- 
a direction not vertical, occur in the use of fire- 



There is a great difference between the lengths of the ranges 
found by the methods of this chapter and by measurement in 
practice. This difference is due to the resistance of the air, 
which has considerable effect in retarding the balls, and thua 
there is produced a great difference between the motions of 
projectiles in vacuo and in air. 

The analysis, which the student is supposed in this treatise 
to have at his command, is not sufficient for calculating the 
efiect of this resisting force of air. 



EXAMPLES.— XXV. 

(i.) ABC is a right-angled triangle in a vertical plane with ita 
hypothenuae AB horizontal; a particle projected from A passes 
through C and falls nt B ; prove that the tangent of the angle of pro- 
jection = 2 GoseoB^, and that the latiia rectum of the path described 
is equal to the height of the triangle, 

(2.) A particle is projected, with a velocity VSja, from a point A 
80 as to pass through another point B, whose vertical and horizontal 
, distances from A are h,k; show that, when there is only one possible 
direction of projection, J;'=4a((i - A). 

(3.) Two inclined planes of equal altitude k, and inclined at the 
BBme angle a to the horizon, are placed back to back upon a horizontal 
plane. A ball is projected from the foot of one plane along its surface 
and in a direction making an angle with its line of intersection with 
the horizontal plane. After flying over the top of the ridge it falls at 
the foot of the other plane ; show that the velocity of projection is 
^•J'jh co8ec3V8+ cosec'a. 

(4) If any number of particles be projected at the same time and 
in the same direction with different velocities, show that at any time 
a Btraiyht line can be drawn through them ; and, if in different direc- 
tions with the same velocity, that they all he at any time on the surface 
of the same sphere. 
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(5.) A pftiticle ill projected up a smooth inclined plai 
. of a rectangle with givea sides. Find the velocity of projection from, 
one comer in order that the particle may leave the plane homontally 
at the other comer ; and show that the ratio of the horizontal rsjige 
after leaving the plane to that desoribed on the plane ia the sine of the 
angle of elevation of the phme. 

(6.) A shell esplodea at its highest point into two equal parts which 
e equal velocities in opposite directions, supposing that the times 
which elapse between the explosion and the arrival of each piece on 
the ground be observed, and also the distances of the pieces from th« 
original point of projection, find the velocities and directions of explo* 
sion and projection. 

If the times be as the squares of the distances, the direction of ex- 
plosion will be verticaL 

(7.) Particies are projected from the same point and in the same 
vertical plane so as to describe equal parabolas. Show that the vertices 
of their paths lie on a parabola. 

(8.) Chords are drawn, joining any point of a vertical circle with its' 
highest and lowest points ; prove that, if a heavy particle slide down 
the latter chord, the parabola, which it will describe after leaving ths 
chord, will be tonohed by the former chord, and that the locna of th« 
points of contact will be a circle. 

(9.) A body is projected up an inclined plane, whose inclination (o) 
to the horizon ia leas than 45°, with a velocity due to a height ft. Find 
the length of the inclined plane in order that the distance, at which it 
strikes the horizontal plane through the point of starting, may be a 
maximum. Prove that the length is Sfi cot^ seen. 

(10.) A heavy particle ia projected from one ]>oint so as to pus 
through another, not in the same horizontal line with it ; prove that 
the locus of the focus of its path will be an hyperbola. 

(l I.) If tangents be drawn to two parabolic paths, having the samo 
foci, from any point in the common axis, the velocities at the points cji 
contact are equoL 

(11.) A cat on the top of a wall of height h springs at a 
horizontal plane below at a distance n. from the wall ; the 
at once towards its hole which is vertically under the cat's positii 
The cat just catches the mouse ; show that the velocity of the 

~-V 2A 1 V^"'''-'''"'v'''i {.where I is the latus rectum of the catV 



I 
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(i30 Two bodies are projected from the Bame point at the same in- 
I Btant, with velocities u, and v„ and in directions making wigles ai and 
' og with the horizon ; show that the time, which elapaea between their 
transits through the other point which is common to their paths, 

(14.) Show that the product of tJie velocities at any two points of 
the path of a projectile is proportional to the distance of the point of 
inteiseotion of tangehts at those points from the focus. 

(15.) A body is projected with a velocity F in a direction OP in- 
clined at an angle a to the horizon, and a horizontal velocity V aina in 
a, direction at right angles to OP. Show that the latus rectum of the 
path desciibed is equal to 4 times the greatest height the body would 
I riae to, if projected vertically upwards with the velocity F. 

(16,) A stone is thrown in such a manner that it would just hit a 

. bird at the top of a tree, and afterwards i^ach a height double that of 

I the tree. If at the moment of throwing the atone the bird flies away 

horizontally, prove that the stone will, notwithstanding, hit the bird, 

if its horizontal velocity be to that of the bird as V2 + 1 : 2. 

(17,) Two partides are projected from the same point on an inclined 
plane, one horizontally and the other at right angles to the horizontal 
lines, find their distance apart at any time. 

(iS.) Show that the two instants, at which a, body has a ceriiain 
angular elevation when seen from one point in the plane of its motion, 
are equidistant from the two instants at which it has the same angulu 
elevation when seen from another point in the same plane on a level 
with the former. 

(19.) A particle slides down a amooth inclined plane ; prove that the 
distance between the foot of the plane and the focus of the particle's 
path after leaving the plane is equal to the height of the plane. 

(20.) A rifle sighted to hit the centre of the target at a distance of 
I, and on the same horizontal line a£ the muzzle, is inclined at an angle 
I to the horizon. Show that if its inclination to the horizon receive a 



(31.) A heavy particle ia projected obliquely npwnrda ; if «j, Wj be 
I ita component vertical velocities ascending, and v,, v, descending, re- 
W Bpeotively, at any four points of its path which lie on a circle, show that 



XII.— IMPACT. 

160. In this chapter we i^haU discuss the change produced^ 
in the motion of a body by ite impinging, or colliding, agajnet I 
another, or by another impinging, or colliding, against it. The 1 
act of impinging, or colliding, ia called impact, or collision. 

161. Wien two bodies come into collision, they may or they ' 
may not afterwards separate. At any rate a finite change is 
almost instantaneously produced in the motion of each, and 
therefore each must have exerted on the other an impulsive 
force to produce this change. The two forces thus brought 
into play are, by Law III., equal and opposite. j 

Let the bodies be smooth spheres, A and A'. Then, since J 
they are smooth, the mutual action between them must be J 
wholly normal, and, since they are spheres, it must be in the I 
line joining their centres, called their line of centres. J 

Then, by Law II., the only change, wliich takes place In the I 
motion of either, must be in this line. I 

162. Direct Impact. — In the first place let their centres be I 
moving before impact in this straight line ; and therefore after I 
impact the centres will continue to move in it, I 

Let m and m' denote the masses of A and A'. Suppose I 

that they are both moving one way before impact, Bay from I 

left to right. 1 

Let « and m' denote their velocities before impact. I 

[The case of one ball meeting the other would 1w allowed for 1 

by changing the sign of one velocity, say m'.] M 
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Let V and v' denote the velocities after impact, 

[Thus V will be positive, or negative, according as ^ is 
moving after impact from left to light, or from right to left. 
Similarly for v' and A'.] 

Then mu—mv denotes the change in the momentum of A, 
m'u'—m'v' „ „ „ A'. 

Let B denote the amount of force exeited by A on A', and 
therefore — JJ the amount exerted by A' on A. These pro- 
duce the above chaoiges. 

Therefore, Art, 123, mu-mv=—E . (i), 

These equations are not sufficient to determine a, v' and E. 
To find a third equation we must consider whether or not the 
bodies tend to separate after impact, i.e. whether the bodies 
are elastic or inelastic 

L Inelastic Bodies.— 'No separation takes place after impact 
between such bodies. Hence after impact they both move on 
with the same velocity ; 



Now from (i), M— »=— — , 



and from (2) 



(3)- 



subtracting, we have, since v=v', u—u'= — 



m+m' ■ ■■ (s)- 

This last result could also have been obtained thus. Since, 

by Art. 128, no change can be produced in the momentum of 

the whole system by the impact, therefore m«+m'«'=mM+?n'M'. 
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IMPACT. 



X, as long as ^H 
in the Bame. ^^ 



r 

^H 11. Elaslic Bodies. — It is found by experiment that, as long as 
^H the BnbBtancea of which the bodies are made remain the game, 
^H whatever be their masses and their volocitiefi before impact, 
^H their relative velocity after impact bears a cmsiant ratio to 
^H their relative velocity before impact. This constant ratio is 
^H called the modulus of elasiiciit/ of the two substances. It is 
^H usually denoted by e. 

^H Thus, when iron impinges on iron, e has one value, 
^^1 „ iron wood, e has another value, 

^^M „ wood wood, e has a third „ 

^^f The different values of e can be determined by experimenta 
which will be described in a future chapter. In our case, 
before impact, since both balls are supposed to be moving 
the same way and A is catching up A', u~u' denotes the 
relative velocity. For the positive case after impact we should 
suppose that A and A' both move the same way as before 
impact, and then iZ—v will represent their relative velocity, 

[If A were to move the opposite way after impact, v would 
be negative, and the relative velocity would be the sum of 
their actual velocities.] 

Hence iZ—o: M—!*'=e; .■. o'—p=e(w—tt') , . (6). 



Now, from (i), u— 
and from (2), u'- 



R 






., from (1), "="+—=>'—— 



from {2), v'=u' 



163. If for any two substances e were equal to 1, they 'would 
be said to ba perfectly elastic. Probably no aueh aubstaiicea 
exist in nature. 

184. If we put e=0, the formulffl for elastic bodies become 
the same as those for inelastic bodies. This we should expect 
]>eforehand, for when the bodies are inelastic !j'=r, or w'—i;=0. 



and therefore e 



=0. 



165. When two bodies impinge as above, so that at the 
moment of impact neither has any motion except in the direc- 
tion of the common normal, the impact is said to be direct. 
In other cases the impact is said to be obli^. 



EXAMPLES.— XXVI. 

(i.) A sphere of six pounda mass, moviDg at the rate of 10 mUes an 
hour, overtakes another of four pounda mass, moving at 5 miles an 
hour ; determine their velocities nfter coliiaion, Hssuming £ = |, tiie 
impact being supposed direct. 

(2.) U A impinges on B at rest, and ia itself reduced to rest hy the 
impulse, find the ratio of the masaes of A and B, when the elasticity 

-»• 

(3.) The resnlt of a direct impact between two balls moving with 
equal velocit J is such that one of them returns with its former velocily, 
and the other foUowa it with half that velocity. Show that one ball 
is four times as heavy sa the other, and tliat e = ^. 

{4.) Two perfectly elsstic balls, of nmsaes m and 3m, meet one 
another when travelling with velocities m and 5w. Find their aubse- 
quent velocitiea. 

(5.) A ball impingea on another, of twice its masA, traveUing in the 
opposite direction with two-thirds of its velocity [e-^i). Show that it 
returns with one-third of ita former velocity. 

(6.) A ball impinges on another at rest, of half its mass, which after- 
waids travels with a velocity 4. Find the original and rubsequent 
velocitiea of the first ball, t being ]. 



(7.) Threeballa, J,£, C are placed ia a line, ^, B are of the : 
masa. If A strikes B directlj, show that after B has struck C, A will 
overtake B, if Cb maun be more than ^ of A% e being the conumm 

coefficient of elasticity. 

(8.) A, B,G tax three perfectly elastic balls at rest in the i 
straight line, B is made to impinge upon A and rebounding strikes C 
Show that, if A and G, after haTing been struck by B, each move with 
the same velocity, nii+m, =m'-m„ m„m„m, being the masses of 
A, B, O respectiTely. 

(9.} A neries of perfectly elastic halls are arranged in the 1 
straight line, one of them impinges directly on the next, and so 
prove that, if their niasses form a geometrical progression of which 
the common ratio is S, their velocities after impact will fonn a geo- 
metrical progression of which the common ratio is g. 

(10,) Four perfectly elastic bodies, A, B, C, D, are situated in a 
straight Hue, the three hmt being at rest ; find the ratio of their 
masses so that the quantity of motion in A may be equally divided 
among the four balls after collision. 



166, Ohliqm Impact. — Let two spheres, A and A', impinge 
obliquely. 

Let the directions of motion of the two centres mate, with 
the line of centres, angles a, a.' before, and /3, /? after, impact. 




Then the velocity of.4, before impact, iseqaivalenttoMooSSB 
in the line of centres and m aina perpendicular to this line ; 
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and, after impact, to rcoa,S and d sin/3 in these directions. 
Similarly for the velocities of A', 

Now the only change, which takes place on account of the 
impact, being in the direction of the line of centres, the resolved 
part of the velocity, of either ball, perpendicular to this line 
will be the same after impact aa before ; 

.■. iJBin,8=waino;, . . (i), 

j/ sin/3'=w' since' . . . {2). 

Again, by Law II., the change of motion in the line of 
centres is the same as if the motion perpendicular to this line 
did not exist ; i.e. it is the same as if the impact had been 
direct, and the spheres had been moving with velocities u cosa, 
u' cosa'. 

Therefore, if the spheres are inelastic, 
_ mu cosa +m'V:' cosa' 

These, with (i) and (i), are sufficient for determining 
i; 1/, 13, li: 



(3). 



Also, fl=-^^,(«cosa-M' cosa') . . (4). 
And, if the spheres are elastic, 

fcosy8=MCoaa ^Xl+e)(McoB(x— m'cosk"), (5), 

!;'cos/3'=M'cosa'+-^,(l+e)(Mcosa-M'cos«'). (6). 
These, with {i) and (2), are sufficient for determining 

», »■, A /}■■ 

Al«». i!=-.-;^(l+t)(«c<lB«-«'™.') . (7). 



r 
I 
I 



EXAMPLES.— XXVII. 

(I.) A sphere of mass 3 moving icith a Telocity G overtaJcei Knoti) 
sphere of mass 7 moying with a velocity 4. The directionB of the fi 
imd second spheres hefore impact make angles 30° and 60° with t 
lines of centres at the instant of impact, and both spheres before ii 
pact are moving towards the line of centres from the tanu port 1 
Detennine their motions after impact, « being }. 

(2.) A colUsioQ takes ^ce between two balls of masses G and 6 \ 
meeting one another with velocities 3 and 4 In directions making anglea 
3I>° and 45° with the line of centres towards which they are moving, fl 
before the coUision from opposite parts. Determine their subseqaeal 
motionB, the modidns of elastioity being g. 

(3.) A ball moving with velocity 5 impingea at an angle 30° o: 
ball of double its mass at rest. The coefficient of elasticity being \, 1 
determine their subseqnent motions, and the angle between their Jineo 
of motion. 

(4.) One ball impinges on another at rest, of three times its own 
mass, the coefficient of elasticity being \ ; and after the impact the 
direction of its motion is found to be inclined at on angle of 60° to ita 
old direction. Determine the angle between its original direction and 
the line of centres. If the other ball start with a velocity 3, determine 
the velocity of the first before and after impact. " 

(j.) A sphere impingea obUquely on another at rest j detei 
the angle of deviation through which the direction of it« mot 

(6.) Two balls, whose masses arem and m', impinge, and their direo- 1 
tions of motion after impact are perpendicnlar to their directions il 
befwe impact ; if a, a' be the an^ea which their directions befbna 
impact make with tlic line joining their centres, prove that the ela»>S 




(7.) Two perfectly elastic balls, A and B, impinge upon earJ) oth». 
YitA A impinges on £ at rest and goes off in a direction making an 
angle 6 with the line JMuing their centres ; then £ impinges on J st 
rest and at the same an^e of incidence and goes otf at an an^e &■ 
FntTCrtfaat 0+^=180. 





(8.) Two balls, of elasticity e, moving witli equal tuomenta in pBiallel 
directions, impinge; prove that, if tlieirdirectiona of motion be opposite, 
they will move after imjoct with equal momenta in parallel directiona, 
and that this direction will be perpoudicular to the original direction, 
if their common normal is inclined at an angle sec~'^l + e to that 
direction. 

(9.) Small equal spherical halla of perfect elasticity cue placed at the 
angular points of a regular polygon of n, sides ; one of them ia projected 
with velocity (F) so us to strike all the others in succession, and to 
pass through its original position. Find the velocity with which it 
returns, and the directions of motion and the Yclocities of all the 
balls. 

(10.) A ball is struck 30 as to proceed at 45° to its previous dii'ection 
of uiution ; what must have been its mass that the same blow might 
have diverted the direction at right angles ! 

(11.) JBCDia anordicaiyreetangular billiard table, perfectly smooth ; 
E a ball in a given position ; it ia required to select the proper posi- 
tion for another ball f , in ^ respects like the first, so that the player 
striking E upon F, may cause F to run into the comer pocket A and 
E to run into D wiih equal velocities, without the intervention of the 
sides, the elasticity of the balls being perfect. 

(12.) If a row of equal, perfectly ehistic, balls in contact be struck 
directly by a similar ball, show that the last ball will fly off with ft 
velocity equal to that of the striking ball, and that the others will 

(13.) Two perfectly elastic balls, of equal size and maas, impinge, 
after describing given distances on a smooth horizontal plane with 
uniform velocities. Prove that, if the directiona of motion after 
impact are parallel, the cosine of the angle between their original direc- 
tions is equal to the ratio of the product of the velocities after and 
before impact. Show also that the rectangles, of which the described 
distances are diagonals, and whose sides are parallel and perpendicular 
to the line of impact, are equal in area. 
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167. Impact of a ^here m. a fixed mrfact. 

If an elastic ball impinge on a fixed smooth plane, we may 
deduce the eubsequent motion of the ball from the preceding 
formulfe, as foIloWH :— 

Let m be the masa of the ball ; k, c be its velocities before, 
and after, impact ; a, /3 the acute angles which the direcdoos 
of its motion, before and after impact, mofa with the jAane. 

Since the plane is iixed, its velocity before and after impact 
nuBt be zero ; .'. m'=0, e'=0. Also it may be regarded as 
part of the earth and as a sphere of mass m' so laige that 
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- is so small that it may be neglected ; 



7+1 



J 



Thus p cos^=M cosa, 

And P8in^=MBina— (l+e)MBinc[=— flisina 
.■. tanj8=etana, and p=uVe'sin'a+ cc 

If die bail is inelastic, we have c=0 and » sin/i=0, or j8=0, 
BO that the ball after impact remains at rest when the impact 
is direct, and moves along the plane with a velocity u coaa 
when the impact is oblique. 

If the ball be perfectly elastic, e=l ; .-. a=/3 ; and p=u, 

168. These results may also be obtained at once, as fol- 
lows : — 

The action of the plane on the ball is normal to the plane ; 
therefore the motion perpendicular to this direction, i.e. par- 
allel to the plane, is unaltered ; 

.'. «C0B^=MC08a. 

If the impact ib direct, there is no motion parallel to the 
plane before, and therefore none after, impact. 

And also the motion normal to the plane is altered in the , 
same way as if the motion p 



a parallel t 



e plan 



flow the plane being fixed, u sina, the velocity of the ball 1 



IMPACT. 

this direction, is the relative velocity of the ball and plane J 
before impact ; and v aiii^S ia tie relative velocity after impa^, 
if the ball is elastic. Hence in this case cainjS: WBin(i=e„ 
Art. 164; .-. i>siD/3=n(sina. 

Hence taji/J=« tan«, and j;=m«/ cos'a+e' sin'a. 

But if the bail is inelastic, it does not separate from the 
plane after impact, and therefore it only moves along the plane, 
or is at rest, according as the impact was oblique, or direct. 

169. The same concluaions are true, if the ball impinges npon 
any smooth fixed curved surface, only using the phrase " along 
a tangent to the surface," instead " along the plane," etc. 



EXAMPLES.— XXVIII, 

(i.) A ball impinges on a plane at an angle 60° (i.e. the angle its 
direction of motion before impact makes with the normal is 30°), 
moving with a velocity 5. Given that the modulus of elasticity is \, 
determine the mngnitude and direction of the velocity after impact. 
What is the angle between its two directions of motion \ 

(2.) By the impact of a ball on a plane the direction of its motion 
is turned through a right angle, the modulus of elasticity being '25 ; 
determine the direction of the ball's motion before impact. 

(3.) Two points A and B are taken on the diameter of a circle and 
on opposite aidee of its centre 0. If OA, OB be respectively one half, 
and one abcth, of the radius, show that a perfectly elastic ball projected 
from.1^ at an angle CDt~'_ to the diameter will, after lebonnding 

from the circle, pass through B. 

(4.) A billiard ball, moving in a tine perpendicular to a cushioD, im- 
pinges directly on an equal ball at rest at a distance a from the 

cushion. Show that they will again impinge at a distance yq^jn 
from the cushion, e being the coefficient of elasticity between the balls 
and the cushion. 

{5.) A perfectly elastic particle is projected from a comer of a rect- 
angle in the direction bisecting the angle between the adjacent sides, 
under what conditions will it return to the point of projection, and 
how many impacts will have taken place against the sides i 
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^V (6.) An imp 
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(6.) An imperfectly elastic ball is projected along a amooth bori- 

ital table in the directioa AO, it strikes a Hmootb vertical plane at 
and rebounds in the direction OB ; it is tben projected along BO 
and rebounds in the direction OC. If the angle AOC be the greatest 
possible, prove that the acute angles of inclination of OA, OB, OC to 
the Terticle plane are in A.F. 

(7.) Two elaatlc balls, A and B, of equal radii, the modulus of 
whose elasticity is ^, and such that 3B=bA, lie on a smooth 
horizontal plane. A impinging on B at rest drives it sgainst a 
vertical wall of same elasticity. Show that B on returning will meet 
A at, a distance froui the vertical plane equal to one-third of ila 
ori^al distance. 

(S.) A and B are two balls Ij'ing on a horizontal table bounded by 
a Btrjight cushion ; being given the distAncea of A aad B from 
the ouahion and from each other, and the coefficient of elasticity 
between the ball and the cushion, find the direction in which A 
must be struck so that after rebounding from the cushion it may 
hitB. 

(9.) ABC is a triangle, and AF, BQ are drawn perpendicular to 
BC, CA. A perfectly elastic ball iu projected from P along FQ, show 
that after impinging on GA, AB (supposed smooth), it will return to 
F, and pursue the same path as before. 

(10.) jiBC is a horizontal cireie ; a ball projected from ^ is reflected 
at B and C, and returns to A ; show that the lime from .i to B : the 
time from to A=ih» modulus of elasticity. 

170. Compreseum aW liestUntion. 

When one body in motion comes in contact with another, 
it IB found that its surface is bent, and each body compressed 
about the port where it is in contact. 

Thus, if a smooth fixed slab is smeared with a fine coloured 
matter and a white sphere of ivory is let fall on it, a small 
coloured spot of finite size is found on the ivory, showing that 
the ball was in contact, not at a geometrical point, but through- 
out the small spot ; hence the sphere must have been flattened 
in and the ivory compressed. Further, the ivory ball after- 
wards presents no appearance of being permanently flattened, 
and has recovered its original shape. Hence after the com- 
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presdoQ a restitution of ahape took place. The effort towards 
restitution in such cases brings into play a force which sepa- 
rates the bodies. Hence they are elastic bodies whose shapes 
are restored. 

If, on the other hand, we did the same with a ball of was, 
we should find the coloured spot, but it would be flattened, and 
apparently no restitution would have taken place. Thus be- 
tween bodies, in which no restitution occurs, ailer the greatest 
amount of compression is reached, no separation takes place, 
i.e. they are inelastic. It will be observed that, untO the 
moment of greatest compression, elastic and inelastic bodies 
behave in exactly the same manner, and that the diiference 
consists in this, that tbe elastic bodies exert on each other a 
force of restitution, and tbe inelastic bodies do not exert such 
a force. 

Now as long as two spheres are being compressed they seem 
to be, as it were, approaching each other, and it is not until 
the compression is completed (which, we suppose, takes place at 
the same inatant for each ball) and the restitution begun that 
tliey begin to separate. So that at the moment of greatest 
compression they are neither approaching nor separating, 
i.e. they have a common velocity. Denote it by U. 
Call the bodies J and A'. Denote their masses by m and 
m', and their previous velocities in the line of centres by 
u and u'. 

Hence mti — mU and tn'u' — tn'U denote the changes of 
momenta which have been produced. 

Now let El and —B, denote the amounts of force which 
have been expended by A on A', and by A' on A, up to tluA 
moment, if, is called the force of compression. 

These two amounts of force have produced the above changes 
in the momenta. 

Hence mM-m(7=-^„ m'u'-Tn'U=Ri ; 



Hence, Art. 166, (7), B={l+e)R, (1)^ 

Again, let B, and —J£, denote the amounts of force whiid 
J and j4' expend on each other after the moment of greats 
compression. E, is called thci force of restitution. 

Then R,+E,=E ; .■..from (i), ^,=eJ?,=^^(M'-M). 

Note. — In this investigation « and w' denote the component* 
of the velocities of the spheres in the line of centres; therefore 
^1 and Rf are indejwndent of the components perpendicular 
to the line of centres. Also we assume that the greatest com- 
pressions of both balls take place at the same instant. 

Tlie name of the coeffident ofreslittUvm, is sometimes given to c ( 

171. We wiU now give examples of a class of Problems | 
called sometimes Impact of PrajectUes. 

Ex. I. A particle is dropijod from a height a above theJ 




centre of a bowl of radius a, the coefficient of elasticity being «.. J 
Find where it must hit the bowl in order that after rebounding fl 
it may pass through the lowest point A. 

Let be the centre, OX the horizontal radius, P the point j 
of impact. Denote the angle XOP by S. Then the angle o " 

impact is -^—0. 



IMPACT. 

Just before impact, the vortical height through which the 
particle has fallen is a+a sinfl, and its vertical velocity {a) is 
given by ii' = 2ga(\+sin8) . . . (i), 

and is equivalent to u cos^, perpendiculM" to OP, 
and M sin^, along OP. 
The former is unaltered by the impact ; but the latter is 
changed to eu sinfl along PO, Art. 168. 

Again, jud after impact, let v be its velocity, •!> the angle 
its direction of motion makea with PO. 

Hence vaia'^=uaos$, and ccoac/i^eu sinfl; 
and the angle, which its direction of motion makes with the 
horizon, is fl— <^. Therefore its velocity is equivalent to, 
horizontally, v cos{9—^)=eu sinfl cosfl+w ainfl coafl 

={l-1-e)Msinflcos^;. . (a) 

and vertically, vsai{9—'i>)=eusw}B—ucos'B. . . (3). 

Let ( be the time of going to P from J . Then in time t the 

particle traverses a coafl horizontally, and a— a sinfi vertically 

downwards ; 

.: acos$=vcoB(9—<l>)i . . . (4), 

-<.(l-.in9)=..m(«-«(-}jC . . (5). 

Now, eliminating t between {4) and (5), and v and 4" ^J 

means of (2) and (3), and u by means of (i), we have the 

equation 

4(l+e)(I+Binfl)sinfl{(]+e)8infl-l} = l, 
for determining 6, which defines the point of impact. 

Ux. 2. A projectile starts from a point in a smooth horizontal 
plane, with velocity li, at an angle 6 to the horizon, — the co- 
efficient of elasticity between the projectile and plane being if. 
On reaching the plane again it has 

a vertical velocity Msinfl, downwards, 
and a horizontal velocity m cosff. 

After the impact the latter remains the same, and the for- 
mer is changed to eu sinS, upwards. 

Just after the next impact tJie vertical velocity is e'ti sinS, 
and so on. 



instante when ^| 



Also, the intervals, which elapse between the instanto when . 
„uam6 euainfl e'wsinfl 
the projectile la on the plane, are 2- , J , ^— - — , 

etc. ; and the horizontal distances traversed in them are 
u Bm2g eUBmSg e'a sin2g ^^^ 

?^' S ' 9 ' ' 

Hence the whole horizontal range up to the n." impact is 

The latus rectum of the path during each interval is thq 
same, viz., ; and the greatest heights in the intervals 



"- 2j ■ 2j • 

£x. 3. A particle is projected and strikes against a vertical 
wall (coefficient of e1aeticity=:e) at a distance a Irom the point 
of starting. Find when and where it will meet the horizontal 
plane through the point of starting. 

Let V be the velocity, and the angle, of projecti 

Then initially the velocity is equivalent to 
V cosO, horizontally, 
and V sin^, vertically. 

Let i be the time of reaching the wall ; 
.'. a=vco&6.l. 

Now the vertical velocity ia unaltered by the impact, thei8> 
fore the vertical motion is the same, and the particle will reaeli' 
the horizontal plane in the same time, as if the wall were not; 
there. 

Hence if t+l' is the whole time 

..,■„«_'+'■ 



ri+f=- 



2»ame 



Also, the horizontal velocity is changed to eu cosfl by the 
I impact. 

HencB the particle will reach the ground at a distance from 

liie wa31=ev coa6t'= — sinfl coaff — ae= — sai29—ae. 
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EXAMPLES.— XXIX. 

(i.) A mark on a. vertical wall appears elerated 3 degreea above the 
horizontal plane at a point in it, whence a ball of elasticity e projected 
at an angle a to the horizon, after striking the mark, rebounds to HUcb 
point of projection. Prove that tanQ=(l + e) tani8. 

(2.) A amooth hemispherical bowl is fixed with its aiia vertical, and 
an elastic particle is dropped into it so as to impinge at a certain point. 
Find the height from which it must be dropped in order that after 
rebounding it may just clear the bowL 

(3.) A body is dropped from a height of 100 feet, and rebounds to 
A height of 60 ; find the height of its second rebound and the coefficient 
of elasticity. 

(4.) A particle projected with a velocity V, and in a direction in- 
clined to the vertical at an angle a, impinges against a vertical wall 
whose plane is perpendicular to the plane of its path, and distant h 
from the point of projection ; prove that, if after impact the particle 

returns to the point whence it started, the elasticity is p-, /„ _ , ■ 

(5.) A perfectly elastic body is pnyecled upwards from the bottom 
of an inclined plane, the direction of projection making an angle a 
with the horizon ; and after striking the inclined plane it is redected 
vertically upwards. Show that tana = 2 tant + cotSi, i being the incli- 
nation of the plane to the horiain. 

(6.) An imperfectly eluatic ball is projected in a direction making 
an angle of 60° with the horizon, and when at its greatest height is re- 
flected hy a vertical plime ; determine where the ball will again strike 
the horizon, and the whole time of flight 

(7.) A plane AB is inclined at an angle ff to the horizon, A being 
I lowest point. A ball (whose elasticity is «) is ]»«jected bom A in 
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a direction J C making an angle (~T~'g) "ith the plane, and per- 
pendicnlar to the line in which the plane meets a horizontal plane 
through A. Find the value of e in order that the ball, after striking 
the plane, maj begin to rise in a direction parailel to AC, and if Z>, E, 
F, etc., are the points at which the ball succesaively rebounds, com- 
pare the lengths AI>, DE, EF, etc., and find the extreme point in the 
plane which the hall will reach. Verify the result by finding the per- 
pendicular height to which the velocity of projection is due. 

(S.) A perfectly elastic baO is projected from the foot of one of the 
walls of a room against the opposite wall, in a vertical plane perpen- 
dicular to both the walla ; show that, if it be required to hit the ceil- 
ing after the rebound, the ball must strike the wall at a point at least 
|tha of the height of the room from the floor. 

(9.) A boll falls from a given height above an elastic smooth plane. 
Prove tliat the time of happing is tjie same for all inulioations of tha 

(10,) A ball, of elasticity e, is projected from a point, on a plane 
inclined at an angle a to the horizon, so as to impinge upon the plane ; 
prove that, if 5, flnbe the angles which the directions of motion, initially 
and immediately after the n'* rebound, make with the plane, 

cotfl-e"cotfl« = 2tana-j^— ■ 



MISCELLANEOUS EXAMPLES ON IMPACT,— XXX. 

(i.) A baD (of elasticity e) is projected from a point J in a horizontal 
table AB, at an angle of 45°, so as to strike a vertical wall through B. 
The plane in which the ball moves is perpendicular to the wall, and 
the height of the point where it strikes the wall above AB is 4 AB. 
If, after rebounding from the wall and once frou the horizontal table, 
it just reaches the point A, find the value of t. 

(2.) A body is projected from a point in a horimntjtl plane, bo as 
after one rebound from the plane to strike directly against a vertical 
wall, and after two rebounds to return to the point of projection. 
Show that, if einS be the elasticity, sin3fl = 5 sinfl - 4. 

(3.) A ball of elaaticity e is projected with a velocity n at an an^e 
{9 with the plane, whose inclination is a, in a plane perpendicular to the 
intersection of the inclined phuie with the horizontal ; show that th« 



ball will cease to hop at a distance from the point of projection equal tc 



(4.) A heary piirticle is projected with velocity v from a point in an 
inclined plane whose angle is tan"'i, and hits the plane just at the 
iighest point of its own path ; show that, if in its rebound it does the 
like, its elasticity =f . 

Show also that the time, in which it will after successive rehounds 
Attain the limit of its ascent up the plane, is equal bo the time in 
which it will slide down again to its original point of projection, and 

that this time =— -js- 

(5.) Two particles of the same elasticity are prt^ected at the same 
instant from paints on an inclined plane, with the same velocity, and 
in directions making the same angle with the plane, but one up and 
and the other down. Show that the line joining them is always par- 
allel to the plane. 

(6.) A perfectly elastic ball is projected vertically upwards with a 
Telocity of twenty feet. A similar Ijall is simultaneously let fall to 
meet it. They meet after five seconds. Find their original distance 
apart, and describe their subsequent motion. 

(7.) A perfectly elastic particle ia projected horizontally from the 
top of a tower 100 feet high in a direction pecpendicnkr to the oppo- 
site side of the tower, which is 100 feet distant, and after one impact 
it strikes the ground just under the point of projection ; find the velo- 
dty of projection. 

(8.) A perfectly elastic particle ia projected from a point on the 
perimeter of a perfectly hard fixed ellipse, so that, after striking the curve 
-n times, it returns t« the point of projection. Prove that the length of 
its path is independent of the position of the point from which it starts. 

(g.) If, of two equally and perfectly elastic halls, one is projected so 
■8 to describe a parabola, and the other is dropped from the directrix 
(0 as just to fall upon the first when at its greatest height ; determine 
the position of the vertex of the new parabola, and the effect of the 
impact on the times at which the bolls will reach the ground. 

(10.) One perfectly elastic ball begins to slide down an inclined 

plane at the same instant that another is projected up the plane with 

the velocity due to the height of the plane ; after impact the first ball 

inds to the point from which it was let fall, and the second impinges 



a of the floor. Also with 
)om that the problem may 



on a perfectly elastic obatacle at the foot of the plane. Show that the I 
two balls must be of the aame weight, and that they will meet ii 
point three-fonrths of the way np the plane. 

(ii.) A perfectly elastic ball is projected from such a point in a 
wall of a triangular room and in such a direction that, after impact 
at the two other walla, it returns to the point of projection, prove that 

die least velocity of projection is ^nj ^, a, 6, c being the hori- 
zontal lengths of the walls, and S the 
this velocity find the least height of tKi 
be possible. 

(iz.) A ball is projected horizontally from the top of a staircase, 
each step of which is a feet high and c feet broad, with a velocity 
"xf^^gnc ; find from which step it will flrat rebound. 

(13.) Three perfectly elastic equal balls are resting on a biUiard 
table, the sides of which ore 20 feet and IS feet in length, in the 
straight line bisecting the shorter sides ; each of the two extreme balls 
is B feet distant from the side nearest it ; determine the angle at which 
the middle ball mast strike one of the others that, after two reflections, 
it may strike the other ball 

(14.) Two equal balls, one perfectly elastic, the other inelastic, are 
dismissed by the same blow from the top of a flight of uniform steps, 
BO that each falls jnst on the margin of the first step ; show that the 
number of liteps cleared by the elastic ball in its successive flights is 
the series of auccesaive odd numbers, and that the two balls reach the 
bottom of the steps simultaneously. 

(15.) An elastic particle is projected from a point in a vertical plane 
against a parallel plane, and after n + 1 impacts at the latter plane, 
and n at the former, returns to the point of projection. The angle of 
projection being given, find the velocity of projection. 

(16.) A ball Is projected from a point in a smooth plane inclined at 
an angle a to the horizon, with the velocity r, in a vertical plane which 
cuts the inclined plane in a horizontal line, and at an angle j3 to the 
horizon. The coefficient of elasticity being «, show that the distance 
taken by the ball in its n" bound in the direction of the line of greatest 
slope on the inclined plane is 

2ti''~'(l + e)(l-g""') _ F' sin'j3 sina 



I 

I 




I 



(17.) A body iH tlirown vprtioally downward from a height h, and 
rebounds &om a horizontal plane. If it juist teach the point of 
projection again, find the velocity with which it impinges upon the 
plane, and show that its (velocity of projection)^=^^ (velocity due to 
height lif, e being the modulus of elasticity. 

(18.} An imperfectly elastic ball (modulus of elasticity = e) im- 
pinges directly against another ball equal to it, which is at rest. The 
second hall strikes a, cushion of elasticity e' at a distance a and re- 
bounds ; find the place and time at which they will meet again. 

(19.) Two imperfectly elastic balls, equal in size, but unequal in 
mass, are placed between two perfectly hard vertical planes, to which 
the line joining the centres of the balls is perpendicular, each ball 
being initially at a distance from the plane nearest to it inversely pro- 
portional to ita mass. The balls approach one another with velocities 
inversely proportioTial to their masses ; prove that every impact will 
take place at the same point as the first does. 

(20.) A and B are given positions on a smooth horizontal table ; 
and AC, BD are perpendiculars on a hard plane at right angles to the 
table. K a ball struck from A rebounds to B after impact at the 
middle point of CD, show that, when it is sent back from B io A, the 
point of impact on CD will divide it in parts whose ratio is s^ : 1, when 
e is the elasticity of the balL 

(21.) A number of balls, whose elasticity is 4 (V2-1), are let faU 
on on inclined plane, and each strikes it the second time twice as far 
down it as the first time ; show that the points from which they MI 
lie in a line perpendicular to the plane. 

(22.) Two bodies, P and Q, of which Q is inelastic, and P is per- 
fectly elastic and heavier than Q, ore connected by an inextensible 
string which passes over a smooth fiied pulley. They start from rest 
at the same distance a from a fixed horizontal plane, and when F im- 
pinges on the plane and rebounds with unchanged velocity, Q strikes 
against a fixed obstacle and is reduced to instantaneous rest ; deter- 
mine the subsequent motion, and show that the two bodies are again 



at instantaneous rest when P is at a 



F'a 



I 



tal plane. 

(23.) A, B, Oan three equal smooth balls, situated on a horizontal 
table, and forming an isosceles triangle having an obtuse angle at B ; 
if .1 be struck so as that having hie B it shall hit 0, show that B will 




move in a direction inclined 

e being the elasticity of the bulla. 

{24.) Two equal scale pona, each of B 
string which passes over a smooth (*g, and a 
moss m is dropped on one of them fram a, height - 

elaflticityhetweenthe particle and the scale pan being e. Find the relo- I 
city of the scale pans after the first impact, and show that if the length 4 



Also, prove that if the string be long enough the velocity of tbo I 
scale pans after the n" impact will be (1 + e)- —j^, and that 1 

the particle will come to relative rest after a time-^- ;■ 

S(l-e) 

(25.) A string, pasaing over a pulley at the top of an inclined plane, 
connects two equal particles, one of which is placed on the plane and 
the other hangs freely ; below the descending point is a perfectly 
elastic horizontal plane ; prove that, if the string become stretched 
when this particle has reached its greatest height after the »** rebound^ M 
the inclination of the plane is sin " ' -- — -— ^. 

(26.) Two weights Q, P {Q^P) connected by an inelastic string paM- 
ing over a smooth pulley, are initially at rest, Q being at a distance ( 
above a horizontitl table, the modulus of elasticity between which and 
Qiae; the aystem is then allowed to move freely, and the table ii 
removed after Q has impinged upon it. Show that the velocity of P jiUt J 



[2o*(Q - P)it(Q - eP>. 
after the string again becomes tight is equal to — ■ j,, ^■ 

(27.) A parabola is placed in a vertical plane with ito asis vertieitfl 
and vertex downwards. A particle, whose elasticity is ^, strikes tlw J 
curve at an angle sin"'-7- with velocity due to half the latus rectum. 
Find where it strikes if after rebounding it posses through the vertex. 

(28.) Three equal perfectly elastic individuals start simultaneously, 
skating on the face of a smooth triangularsheet of floatmgice, &om the 
angles of the triangle to meet at the centre of gravity ; determine tbdr 
subsequent motion. 



I 
I 
I 



(29.) When a projectile amrea at an end of tie latua rectum of 
ita path, another equal hod; falls upon it from the directrix. Find 
the consequent change in its path, supposing the hodies perfectly 
elastic. 

(30.) A perfectly elastic particle is dropped from a point on the 
interior of a smooth sphere ; show that, after iUi second impact on the 
sphere, it will ascend Tertically, and will continually paas and repass 
along the same vertical and paraholic paths, if the horizontal distance 



•plere). 

(31.) An imperfectly elastic hall is dropped into a henuspherical 
howl from a height ra times the radius of the howl ahove the point of 
impact, BO as to strike the bowl at a point distant 30° of arc from its 
lowest point, and just rehounds over the edge of the howl. Find the 
elasticity of the baE 

(32.) A hall of elasticity e is projected from a given point with a 
pven velocity at an elevation a, and impinges at the highest point of 
its trajectory against a plane inclined to the horizon at an angle j3. 
If the haU after impact descend vertically, show that cot^=^e, and 
the velocity on reaching the horizontal plane through the point of 
projection is to the velocity of projection aa ^Je coaa + sina to 1. 

(33.) In H game of croquet a ball which is to he croqued is at a 
certain distance on one side of a hoop ; the striker wishes to place 
his ball so that after the croquet it may be in front of the hoop, 
and the other ball be at the same distance behind it. Show that 
the player most give his stroke in the direction of the hoop, and that 
the line juininf; the centres of the two balls must bo inclined at an angle 
tan~ V^ ^° *J>^ direction, e being the coefficient of elasticity between 
the balls. 

(34.) The sides of a triangle ^£C subtend eqnal angles at a point 
within it. Prove that if from O, three perfectly elastic balls be 
projected eimultaneoualy with equal velocitiea in directions AO, BO, 
CO, produced respectively, they will, after rebounding from the aides, 
all meet together simultaneously. 

(35.) A body of elasticity e slidea down a plane AG inclined to the 
horizon at an angle a. After impinging on a horizontal plane at C, it 
strikes horizontally a vertical phine at a distance k from C at a height 
h above C. Show that elc tana = 2/t, and find AC. 



Hn.— MOTION OF THE OENTEE OF QEAVITT. 



172. Prop. If mi,, m„ etc. are the masses of a nvmier of 
particles mming at any instant in the same, or opposiie, direetims, 
with velocities m„ m„ etc., then the velocUy (fl) of ike Centre of 
Graviiiy of the system al that ijistanl is 

m,M,+m,M,+efo._2(wKi) 
m,-\-mi-\-etc. ~ 2(jk) 
„ Let OYbe & line perpendicular to 

the direction of motion of the parti- 
cles. 

L Let Zi, a:,, etc. be the diatanceB of 

mi, nil, etc from OV at the instant 

under consideration. 

I Suppose tliat the particles retain 

Fra. 45. their velocities for a time t, then 

at the end of the time t the distances from OY are Zi+Uit, 

Let X, S be the distances of the C.G. from OV at the 
beginning and end of the time (. 



Then i= 



m,x,+m,Xt+eic. 

TOi+Wi+etc. 
mi(_Xt+n,t)+m,{x,+u,i)+etii. 

m,x,+m,x,+etc. , WiHi +wi,K,+etc. ^ 



(i)- 



i,-|-m,+etc. 



i,+etc, 




. j, I ■■'.■',+'».».+etc. j^ 
wii+mj+etc. 

Hence as long as the velocities of the particles remain uni- 
form, the change in the position of the C.&. is proportional 
to the time, and therefore the C.G. moves with uniform velo- 

City, whose n'"—""-" " 



Cor. 1. If the particles are moving with velocities u„ u,, 
etc, in directions, not parallel to the same fixed line OX, 
but making with it angles tf„ 6„ etc., then the velocities 
parallel to OX are u, cos^,, -a, cosdg, etc., and we can show, as 
in the Prop., that the velocity of the C.G,, 
parallel to OX is ?H*^ 



ftnd, perpendicular to OX, 



g™ 



2<») 



Cor. 2. In the expression for the velocity of the C.G. in 
any direction OX the numerator is the measure of the momen- 
tum of the system parallel to OX, and the denominator is the 
measure of the mass of the system. 

Now, in Art. 128, we saw that no action, which takes place 
amongst the particles of the system, can eflect the momentum 
in any direction, and therefore cannot effect the motion of the 
C.G. in this direction. And, this being true for all directions, 
the viotwn of the CO. of a system, is wholly unaffected by any atHon 
between the parts. 

For example, the motion of the C.G. of two balls impinging 
is' not alTected by the impact of the balls. 



173, When the velocities of the particles are changing with 
the acceleratioDE a,, a,, etc., of which the directions make 
angles ^,, ^,, etc. with some fixed straight line OX, then 
their accelerations parallel to OX are oj cos0,, a, cos^, etc. 
And the velocity of the C.G. parallel to OX at the instant is 
m,«, eo&S,+m,u, costfj+etc.__ 
m,+«i,+et<!. -"" 

and at the end of an interval I, during which the accelerations' 
remain constant, it is 

m,{u, cosSi+ii, coai;ti()+etc_ m,tt, cosi^,+etc. 
m,+wi,+etc. ~ "■*" m,+m,+etc. ' 

Hence the change in the velocity is proportional to the 
time ; and therefore the o/xdeTation. of the motion of the C.Q. 

parallel to OX is vmform and equal to \7~\ — 



Similarly the acceleration perpendietdar to OX is 






174. The student must notice that the term Centre of Infrtia 
la sometimes used for the point whose position is defined by 
equations such aa (i) of Art. 172. Hence the Propositions in 
the two preceding Articles might be stated thus : To deter- 
mine the vdocUy wad aeceleralion of the Centre of Inertia of a system, 
having given, the velocities and aceeleratums of the mrtojis parts. 



EXAMPLES.— XXXI. 
( I .) Three equal pnrCicles are projected, each from an angular point 
of a triangle, along the sides taken in order, with Telocities proper- 
tional to the sides along which they move ; prove that their centra of 
gravity remains at rest. Hence show that, i£ P,Q,Ji he points in the 
sides BO, CA, AB, reflpeotively, of the triangle ABC, such that 

^"^"45' "''"' ^^ ''™*" of gravity of the triangle PQK 



MOTION OF THE CENTRE OF GRAVITY. 159 



(2.) Tvo equal molecules are coanccted together b]r a fine inelastic 
thread, one of them is placed on a amaoth table, the other just over 
the edge, the thread being at full stretch perpendicular to the edge. 
Find the velocity of the centre of gravity of the molecules the inatant 
after the former has left the table, and prove that the whole interval 
of time, from the commencenient of the motion to the inatant when 
the thread first becomes horizontal, varies as the square root of the 
length of the string. 

(3.) In the system of puUeya in which each hangs by a separate 
string, P just supports W \ show that, if P is removed and a weight Q 
substituted, the centre of gravity of the system will descend with 



acceleration g. 



{r'*qw){<)*w) 



the weights of the pulleys being 



neglected. 

(4.) Two equal and perfectly elastic balls, of which the centres are 
Jiitially at the opposite ends of a diagonal of a rectangle, proceed to- 
wards one of the other angles, with velocities proportional to the sides 
along which they move ; determine the direction of motion of each 
ball after impact, and the path of their centre of gravity. 

(S.) Two weights, P and Q,are connected by an inextensible string, 
the length of which = ; ; and the mass of Q is double that of P. Q is 
laid upon a perfectly smooth horiiontal table {the height of which from 
the graund=S^, at a distucce { from the edge, and P just hangs over 
the edge. Find the whole time which elapses before P strikes the 
ground, and compare the velocity of P at that moment with its velo- 
city when Q leaves the table. 

Trace the whole path described by the oentreof gravity of Pand Q, 

(6.) In a wheel and lOLle, the arm of the power Pis r, and that of the 
weight W is r,. Show that the centre of gravity of P and W moTes 
(Pr-TTn)' 
'"(P+fr)Cfr"+^'^)' 



with the constant acceleration j-. 




175. We have seen. Art. 69, that, if a particle moves in a 
curve, then, at any point where its velocity is o and the radius 

of curvature o, the normal acceleration ih — ■ If m is the maas 

of the particle, the force necessary to produce this acceleration 

is So that the resolved part, in the direction of the 

p 

normal, of the resultant force acting on the particle, i.e. the 

sum of the resolved parts in the direction of the nonnal of all 

the forces acting, is — ■ 

176. Ex. I. Thus if a particle P, of 
mass m, be tied by a string of length 
a to a fixed point in a smooth hori- 
zontal plane, on which the particle 
moves uniformly with velocity w in a 
circle, the string being tight, then all 
the string will have to do is to pro- 
duce this necessary nonnal force, and 

p,g ^g^ we shall have the tension = — - • 

Ex. 2. Again, let a be the equatorial radius of the earth, w 

its angular velocity, P the pressure which the earth exerts on 

a body of mass m placed at the equator, mf the force of the 

earth's attraction, then mf~P=m.ata'; 
.: r=mf-m,^. 
So that the pressure between the earth and the body, or the 

apparent weight of the body, is less than if the earth were at 

rest by the amount mam*. 
Also P=mg; .; g=f—aia'. ^^H 





NORMAL FORCE. i6i 

JVbfo. Here lo is the angle described by any equatorial radius 

°°"'"°°'' = 24X60X60 - 

Ex. 3, Let a particle P, of mass m, be 
hung from a fixed point by a string of 
length I, and be made to revolve in a hori- 
zontal circle of radius a. 

Let OA be the vertical line through 0, 
PA perpendicular to OA. Then A is the 
centre of the circle and AP=a. 



Let AOP=d, so that sin0= 




Let T be the tension of tlie string, and v the velocity of P. 
I Then T is equivalent to Tcosfl vertically, 
and T&md along PA. 
Now there is no vertical motion ; 

.". rcosS— 7nj'=0, or T^mg Bec9. 
Also the necessary normal force, along PA, is produced by 
^the component TeiaO; 

.: r8ine= — ■ 



177. AVe can now explain why on a railway curve the per- 
nanent way is tilted so that the outside wheels of a carriage 
K travelling on it are highest. 



Let ni be the mass and v be the velocity of the cai'i'iagc, ( 
p the radius of curvature at any point. 



NORMAL FORCE. 



Then, in order to make the carriage keep on the rdls, thee 

has to be a force in the plane of the curve along the non 

inwarcU = — • 

P 

Now, if the crosssectionof the way is horizontal at that poin 
this force has to be produced by the pressure of the rails side* 

ways on the wheels, which therefore must be equal to 

[As a matter of fact, this pressure is produced by the oi 
rdl pressing by means of its inner side against the flangea < 
the wheels running on it.] 




But, if the way is tilted to an angle a with the horizon, thea 
the weight mg has a component mg siua along the normal in-fl 

wards, so that now the force - — - is made up by the pre 

and the mysina; .-. the pressure need only be 

Thus the more the way is tilted the more the sideways 
pressure of the rails is relieved ; or, if we like, the carriage may 
go faster, and yet only require the same pressure. Thus, let b* 



! the new, and greater, velocity, then mffsina: 



me* 



or i/'=i''+(7()sinci. 

Hence, on account of the tilt, the carriage is more easily kept 
on Uie rails. If at any point the sideway pressure should, &oni 
the weakness of the rails or any other cause, be less than the 
required amount, the carriage would leave the raUs towards 
the outside of the curve. 



I 



I 



178. Cenlrifiigal Forix. — It would seem that formerly it 
\ used to be ejected that a body would move in any path 
arbitrarily assigned to it. 

Now, if a particle is moving in a curve, when at any point 
it is moving along tlie tangent at the point, and, when at a 
consecutive point it is moving along the tangent at that point ; 
hence its direction has been changed during its passage &om 
the first to the second point, and we know. Art. 175, that the 

force which must be applied to make this change is 

along the normal inwards. If this force were not applied the 
particle would continue to move in the tangent at the first 
point, that is, it would quit the curve. 

When it waa found that this force had to be applied simply 

I for the purpose of retaining the particle in its arbitrarily as- 
signed path, it seems as if it was supposed that the partide 
exerted on itself a force, on account of which it had a tendency 

I to fly out of the curve (i.e. away from the centre, in the case 
of the most ordinary kind of curvilinear motion, viz., circular), 
and which had to be counteracted by the inwards normal force 

^- before the particle would move on the curve. 

P 

Centrifugal force was the name given to this outwards 

normal force, which waa supposed to have been thus discovered 

to be exerted by the particle on itself, and it wns supposed to 

be exerted in the direction of the normal out\i.,rd8 and to be 

equal to — - . This exertion of a force by a particle on itself 

would be contrary to the First Law of Motion. 

At the present day this language is still often retained. For 
instance, it is said that, " on a carriage going round a railway 
curve, centrifugal force would press the outside wheel against 
the outer rail." 



V 




EXAMPLES.— XXXir. 

(i.) Wliat alteration of the Absolute attraction of the earth's 
the length of day remaining unchanged, would make the weight of ft' 1 
body zero at the equator ! 

(2.) The brendth between the rails in & railway is 4 feet 8j inches. 
Show that on a curve of 500 yards radius, the outer rail ought to be 
raised nbout 2^ inches for trains traveUing thirty miles on hour. 

(3.) A railway train is moving with a uniform velocity u on a curved 
tine in a horizoutal plane, and the friction is — th of the weight. Show 

that, if the wheels of any carriage (whose mass is m and length a) esert 
no sideways pressure on. the rails, the tension of its fastenings is ap- 
proximately equal to ^^ ; and prove that this will nearly be the case 
at a carriage whose number &oin the end of the trun (if there be 
enough) is the nearest integer to - — 

(4.) Calculate the time in which the earth should revolve so that 1 
body at the equator should fall 14 feet in a second. 

(j.) A string two yards long, passing through a hole in a smooth 
table, has four pounds weight suspended by it, and one pound weight 
attached to the other end and resting on the table at a distance equal 
to two thirds the whole length of string from the hole. With what 
velocity must the latter weight be made to revolve, in order that the 
other may be supported at rest ) 

(6.) Detennine the velocity with which the earth (supposed to bo 
a sphere) must rotate in order that bodies within 30° of the equator 
may begin to leave it. 

(7.) Two equal particles are attached at points B and C of a string, 
which is itself attached to a fiixed-point A, and the ])srticles are pro- 
jected 80 as to describe horizontal circles uniformly; show that, if the 
portions of the string are equal, and a, are the angles mode by them 
with the vertical, 

2 tana 2 sino + sini3 
tan|9 sina 

(8.) Supposmg a body fastened to a string, which can just bear with- 
out breaking a weight of IS lbs., and swung round hoiiiontally ~ 



i 



circle with a radius of 3 yards, 160 times a 



; find the greateM j 



weight of the body consistent with the strength of the striag. 



\ 



XV.— WORK AND ENERGY. 

179. When a body is acted on by a force and is moving so 
that the point of application of the force ia displaced, wholly 
or in part, in the line of action of the force, then Work is 
(aid to be done on the body. If the displacement ia in the 
direction of the force, the work is said to be done by the force. 
If it is appose to the direction of the force, the work is said to 
be done against the force. 

Thus when coals are hauled up a pit, work ie done on them, 
by the tension of the rope, and against the weight. 

Again, if a particle is moving on an inclined plane AB, and 

pulled by a rope along the plane upwards, then, in moving 




from A to B, work is done on the particle by the tension and 

against the weight, but no work is done by the pressure of the 

plane. For, draw AC and BC horizontally and vertically, 

I respectively. The particle goes, through a distMice AB in the 

■ 'direction of the tension, through a distance GB opposite to the 

K^irection of the weight, and through no distance in the direc- 

a of the line of action of the pressure for it always moves 

Hidicular to that line. 
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WORK AND ENERGY. 



It should be noted that, if the particle had been pulled up 1 
CB, the /awA amount of work would Lave been done against ' 
the weight ; for the force would have been the swmi in magni- | 
tude, and the particle would have gone through the sanu i 
distance in the line of action of the force, and oppodle to the ■ 
direction of the force. 



180, Prop. Thevieasure of iheworhdomhyaforceis F.h,V!lien \ 
F is the meamre of the force and h the meamre of the dktanee 1 
whkh the point of appHcalion goes in the direction of the force. 

For we take as our unit the work done by a unit of force a 
its point of application moves tlirough a unit of distance in its I 
direction. 

Then as the point of application of each of the F units, o£ 
which the force is made up, moves through each unit of the 
distance, tliere is a unit of work done by each unit of force, 
and therefore F units of work by the F units of force, and 
therefore in the A unite of distance there wOl be F.h units of 
work done. That is, the measure of the work done is F.h. 

181. If the work is done against the force, the distance, I 

through which the point moves in the direction opposite to I 
that of the force, is denoted by a negative number. 

For example, a bullet of mass m travels along its path from I 




A to £. Draw £N perpendicular to the horizontal line AO^ 
through A, and let A be its measure. 



in the work done against the weight in moving from A 
to B is mff{—k)^~mgk; and the work done by the weight 
a moving from B to is mgh. 

182. If a body of mass m is moving with a velocity v, then 

the product '"^ is called the Kiiietic Energy (or sometimes the 

Vh Viva) of the body. 

If the different parts, of masses m,, to,, etc., of a system 
be moving respectively with velocities r,, u,, etc., then 

,'-+—'„- -+etc., is the Kinetic Energy of the system. 

183. If a particle of mass m starts witli a velocity u, and, 

I whilst travelling through a distance s, is acted on by a force - 
F in the direction of its motion, and, if v is its velocity at the 
[ end, then m»'=mM'+2/'s. 

Now the change in the Kinetic Energy=-n g-, and the 

■work done by the force is F.s, Hence the Change in Kinetic 
Energy is equal to the work done. 

Again, in Art 181, if s, s' be the distances of A and B 
from the directrix, the Kinetic Energies at A and B are 

— ^ — and —^2 — ' Therefore the change in the Kinetic Energy 

is mgs'—mgs=—mgh, which is the work done. 

Hence, again, the change in Kinetic Energy is equal to the 
I work done. The student will find this result in all cases of 
I bodies moving under the action of forces. 

184. Prop. To calculaie the change in the Kinetk Energy of a 
I lystem of two halls prodwxd by their direct impact. 

Let m, m' be their masses. 

«, w' „ velocities before impact, 
V, v' „ „ after „ 

e „ coefficient of elasticity. 



Then .=«-(! +«)-^^«-a') 



S+S> 



-•')■+ 



(l+eymm-+mV 



(m-m')" 



= Kinetic Energy before impact— 
1-e' 



2 (m+wy 

Now^-g- — "7" • ■(»— tt')' is never negative, and is always 
positive except when 6=1, Henee Kinetic Energy is always 
lost unless tlie balls be perfectly elastic. 

185. In some books the product mn' is called the Vis Viva. 

For further information on the subject of this Chapter see 
An EUmeniary Eiyiosition of the Docinm of Energy, by D. D. 
Heath, M.A. London. 18T4. 



EXAMPLES.— XXXm. 

(i.) Two balls, of weights two poundB and three pounds, are con- 
nected by a stretched string poking OTei a pulley. Determine the 
Amount uf work done on the sj'stem whilst each ball tiavela over three 
feet. What work is done on ench boll I 

(2.) Detemtine the change in the Kinetic Energy of the eyatem in 
Art 131 when Q begins to move, 

(3.) Detennine the change in the Kinetic Energy of the system in 
Art. 132 when R begins to move. 

(4.) A force of 16 lbs. pulls a weight of 3 lbs. up an inclined plane 
of 10 feet length, and elevated at an angle of 3(fi. Detennine the 
work done, {1) by the force, (2) against the weight of the body. 
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(5.) Daring an interval of time, f, an engine, in order to keep up in 
a train a constant velocity, v, has to do an amount of work, w, against 
the retarding forces arising from the pressure of the air, friction, etc. 
Find the average resultant of these forces. 

(6.) K a ball moving with a velocity ■= T impinge directly on a ball 

of double its mass which is at rest, show that it is brought to rest, and 

V 
that the other ball moves with a velocity ""-o" > it being premised that 

the elasticity e is given = J. What alteration is made in the Vis Viva ? 
(7.) The force of the steam on the piston of a locomotive does an 
amount of work, w, during each complete oscillation, and keeps up a 
uniform motion. Find the average resultant of the retarding forces, 
the radius of the driving wheel being r. 



XVI.— CONSTRAINED MOTION. 

186. Ik tliis chapter we shall diacuss the motion of a, heavy 
particle in some curved path acted on by a force, called the 
force of constraint, originating in some material body, whicli 
constrains the particle to move in this particular path instead 
of in the straight line, or parabola, in which it would other- 

Thus (1) when a bead slides on a wire bent into the form 
of a circle, or other curve, it is constrained to move in thig 
circle, or curve, by the pressure of the wire. 

Or (2) a particle may slide in a groove, or tube, of small 
section, the axis of which forms a curve, then the particle 
would be constrained to move in this curve by the pressure of 
the substance in which the groove, or tube, is formed. 

Again (3) when a body is tied to a string and swung round 
in a circle, it is constrained to move in this circle by the tension 
of the string. 

In such coses as (1) and (2) we call the curve a material 
curve, and the pressure of the wire or other substance forming 
the curve is called, for shortness, the pressure of the curve, and 
acts at every point in the direction of the normal to the curve 
at the point. 

We fihall only consider cases in which the particle is acted 
on by gravity and this force of constraint. 

We are unable to determine in this treatise a formula con- 
necting any interval of time with the length of arc, which tha 
particle traverses in the interval. 
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We shall, however, be able to determine the change in the 
aquare of the velocity (and therefore the change in the Kinetic 
Enei^) in passing from one point to another at a given verti- 
cal distance from the first, and also in some cases the times in 
which the particle will pass over certain specified arcs. 

187. Prop. Av, inelasik heavy parlide is moving on a smooth 
earvi, whose ^ne is vertiail. Oimn the velodly at any point, to 
find its iidocity al any other pmnt. 

[Any curve may be considered as formed by a succession of 
straight lines, the angle between each successive pair being the 
af which ultimately the lengths are endlessly decreased 
and the number endlessly increased, the above constant acute 
angle being endlessly decreased. The curve is said to be the 
limit of this succession of lines, and in all our investigations 
is supposed to have finite curvature at every point] 

Let ABC be the curve ; u the velocity at some point A, v at 
any other point B; A the vertical height between A and B. 

We will suppose A to he above B. 

Let the curve AB be the limit of the e. 




fAA„A,A ^„-.^«-; 

l Bticcessive pair being a. 



A„-,Bi the angle between each 



r 
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Let the particle start from A, with velocity u, and slide 
along this succession of lines to B. 

Denote the velocities of mTj'va/ at ^,,^^5, . . . ^„_,,S, by 

Drawj45 vertically through ^; and ^ifii, . . , 5i horizon- 
tally through Ax, ... B,^ meet Ah in a,, a„ . . . S. 

Then, Aa^ being the vertical height fA A ahove A-^, 
(Art. 136, 2") V=«'-(-2M«i- ■ ■ ■ (0- 

Now when the particle arrives at ^,, it impinges, with velo- 
city Pi, against AtA,. Resolve v, into the two componenta 
V, cosa along, and ii, aino, perpendicular to, AiA,. Of these, 
V, sina ia wholly destroyed by the impulsive pressure of AiAt 
brought into play by the impact; and the particle being 
inelastic, no new velocity in the opposite direction is gene- 
rated. Also, since this pressure is perpendicular to A,Af, 
no change is produced by the impact in the other com- 
ponent. 

Hence the particle starts along A,At with a velocity v, cosa. 
Now f, being its velocity when it arrives at A,, and a,a, being 
the vertical height of A, above A3, we have, Art. 136, 

u,'=j!,'cos*a-|-2(/.aia, (2). 

Sindlarlyp.'=«.'coB=a-|-2^.a,o, (3), 

etc. = etc 

vl_-i=vi_tCos*a+2ff.a^,a^i . . (n— 1), 

c„'=ti_iCOB'ti-J-2.y.a„_,6 .... (n). 
Adding equations (i), (2), . . . (n), and transferring 
p,*cos'a, . . . t^_, cosd to the left-hand side, we have 
(1./-I-V+ . . . +i1i_,)Bin'a+V=«'+2ff.^6 
=u'+2ff.h. 
Let «' be the greatest of the numbers Vi, v„ . . . v^-i, 
then (v,'+v,'+ . . . +ti_i) aia'a is not greater than 
(re- IK" Bin'o. 

Now the angle between AAi and AiA% is a, 

and „ AiA, „ AiA^ha; 

„ AA-, „ A^At ia 2a, 



Also the angle between J^Jt and ^,^, is a. 

„ JiJi „ j^t^,i8 3a;andaoon, till 

finally, „ AA^ „ A^,B ie {n-l}a. 

Denote by <^ the angle between the tangents to the curve at 
4 and B. 

Now when n is endlessly increased and the sncceaaion 
of lines approaches endlessly near to tlie curve AB, then 
the lines ^^i, ^,,^„ . . . A„-iB become the tangents at 
, . . . A„-i; and therefore (»— l)a is then the angle 
between the tangent at A and A„-i. 

Therefore •}> differs from (ji— l)(i by the angle between tlie 
tangent* at j^n-i snd B ; but A^-iB being endlessly dimi- 
niahed, this angle must be so also. — Newton, Lemma vi. 

" ice<^=(»-l)a; 



■. (n— ly am'o= 



"sill'a = 9'l'' -SI 



and this =0 in the limit, since then- — =1 and sinQ=0. 
Hence, tl/or(im, (ui'+i»,'-|- . . .-|-dJ_]) Bin'a=0. 
Also »„, being the velocity of arrival at B,=v. 
Hence v'=a}-\-'igh. 

188. JSB had been above A, we should have had u' = u' — 2jA, 

189. Suppose that in the above Prop, instead of tlie phrase 
*' whose plane is vertical," we had had " whose plane is in- 
clined to the horizon at an angle 9." 

Then instead of the acceleration g in the vertical direction, 
we should have bad an acceleration g sinfl in the direction of 
the lines of greatest slope. (See Art. 136.) 

^m We should have drawn Ab parallel to the lines of greatest 

^ft slope, and denoted Ab by A', and made a corresponding change 

^H in the pliroseology throughout the proof. 

^H Thus wo should have arrived at the result 

^H t>' =u'^2g aina.^'. 
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Now let h be the vertical height of A from B, and therefore 
of A from b, since B and 6 are in the same horizontal line. 




Fig. 53. 

Hence h=h' sina ; and v*=u*dz2,g,h. 
Compare Arts. 146 and 158. 

190. In Art. 187 the particle experiences at every angular 
point a small impulsive force perpendicular to the Ihie which 
the particle there begins to slide on. For instance, its amount 
at Ar was mvr sina, m being the mass of the particle. 

Now in the limit this line becomes the tangent to the curve 
at that point, and therefore the direction of the force is normal 
to the curve at the point. 

Also, since the angular points approach indefinitely near to 
one another, the impulses follow indefinitely closely one after 
another; and, since a is endlessly decreased, the amount of 
these impulses is endlessly diminished. Hence we have a 
succession of indefinitely small impulses following one another 
at indefinitely small intervals ; but such a succession consti- 
tutes a continuous finite force. 

Hence, when a particle moves on a curve, we have a finite 
force always acting at every point in the direction of the 
normal. 

Again, in passing from one angular point to the next, the 
particle experiences a pressure perpendicular to the line, and 
this in the limit becomes a force acting at every point along 
the normals 
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ITheae two forces together make up the pressure of the curve 
which acta normally at every point. 
191. The force of constraint in Art. 189 liad better he con- 
sidered by meana of its two components — - 
(1.) The pressure of the plane, perpendicular to the plane, 
and equal to mj cosfl, which compels the particle to move on 
the plane. 

(3.) The pressure of the curve, normal to the cui-ve, which 
compels the particle to move on the curve instead of on any 
other line in the plane. 

192. In Arts. 187 and 189, suppose the particle deecenda 
from A\a B, then o'— tt'=2(?A ; 



The point of application of the weight, wiy, has been trans- 
1 jlerred from A Vo B, i.e. through a distance h in the direction 
1 of the force's action ; therefore the work done by it is mg.k. 

Also there has been no work done by, or against, the pressure 
I of the plane, a force constant in magnitude and direction, since 
in passing from A to B there is no motion in the direction of 
this force. 

And the same is true of the pressure of the curve; for 
though the force is of varying magnitude and direction, yet 
the particle in moving from any position to the consecutive 
one has no motion in the direction which the force at that 
instant has. Hence no work is done there, and therefore on 
the whole no work is done by, or against, tliia force. 

Hence the whole work done in the passage from .i^ to 5 is 
mg.h. 

And — is the change in the Kinetic Energy in pass- 

I ing irom A to B. 

Hence again we see that the work done in any passage is 
p equal to the change in Kinetic Energy. 



ij6 CIRCULAR MOTION. 

193. Motion in a Vertical Cirde. 
We will suppose that the particle is a smooth bead, of masB J 
m, sliding on a wire, or in a tube, forming a circle. 



— ^° 

'^ "— '— ^' 

N ? 



Fi<i. ii. 

Let AB be the vertical diameter, C the centre, and a the < 
radius of the circle. 

Let u be the velocity at the lowest point A, v at any other 
point P. 

Let & denote the angle ACP, and draw PJV perpendicolar 
to AB. So that AN=a—acose. 

Then, Art. 188, v'=u'^—2g.AN . . . . (i) 1 
^it' — 2ay+2ajcoBfl, I 

Let R be tlie pressure of the curve at P, inwards, along PC, 

Then the sum of the resolved parts of the forces acting on 

the particle atP in tlie direction of the normal isii— ni^coB^; 

»' /m' \ 

.-., Art. nb, R—mg zQ&d=m—=w.\ ^g-^^gaosOy, 

.: £=nil^ — 2if^-3(;coBfl|• 
Henoa when P is at .^, fl=0, and.fi=ml— +?), and, as P 



moves from A towards B, 6 

diminishes. 



and therefore R \ 



CIRCULAR MOTION. 



Also,^=0, if — — 2y+3ycosfl=0, i.e. if ever the particle 

comes to the point where cosff^ — 5 j and if the particle 

goes beyond this point, R becomes negative, and the pressure 
of the curve is outwards, along- CP. 

We Bhall have different kinds of motion according as 
v?< = ot>2g.AB. 

v. If M* < 2g.AB, let M be the point in JB such that 
W=2g.AM. 

Draw DMD' horizontally to meet the circle in S Mid D'. 
Then when the particle arrives at D it stops, since by (i) v=Q 
there, and then begins to descend. Since it Btarts from Zt with 
no velocity, when it arrives at A the square of its velocity 
= 2g.AM=u\ 

Hence it will rise on the other side of ^ to the same hei^ 
jiM, and therefore at D' will again be at rest, and will thus 
continue to oscillate between D and jy. 

Now at Z), since c=0, u'—2ag-i-2agco&6=Q; 

•• **^ ~ 2ag 
This gives the angle A CD. 

[If u'=2ag, the particle just rises to the end of the hori- 
zontal diameter, and oscillates through the lower half of the 

JoinAD. Then,from the right-angled triangles BDA,AMD, 
AD'=AM.AB. 



'J%-^'>=J{-^^- 



.-. ■a*i=2g.AM=^-AD*, o\% 

Hence, when a particle osciUatea in a circle, the velocity at 
the lowest point varies as tlie chord of half the arc through 
which it oscillates. 

2°. If v?-=2g.AB, tlie particle just rises to B and stops 
there. 
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3°. If m' > %g.AB, m' — 2g.j4N cannot vanish, for the greatei 
poBsible value of AH is AB. 

Hence the particle never stops, but airiveB at B with j 
velocity Vw — 2g.JB, and descends the other side, and a 
at A again with a velocity whose square is, Art. 187, 

{u'-2.gAB)+2g.AB=u'. 
And thus the motion is kept up perpetually, the partidaj 
always going round in the same direction, 

194. Suppose now instead of moving in a tube, or on a v 
the particle ie tied to one end P of a string, of length < 
feet, of which the other end is fixed, and thus moves in 4 
vertical plane. Ah long as the string remains stretched tlu 
particle describes a circle whose centre is C. 

The string by its tension (R) is capable of exerting a non 
force on the particle in the same manner ae the tube, or 
did ; except that it can only do this inwards, along PO. 

Hence the particle, if its velocity at its lowest point ji ia % 
will move exactly in the same manner as in Art. 193, iinti 
it reaches the point where the pressure became i 
afterwards acted outwards. If tlie particle does not stop s 
this point, the string will not be able to exert the necessai 
force outwards to retain it in the circle, and it will mm 
within the circle, and the string will become slack. The c 
force now acting on the particle is gravity ; hence it will { 
scribe a parabola until the string again becomes tight 

We will now investigate the conditions for the string i 
maining stretched. 

If the particle remain on the circle, it does not stop till j 

comes to D, where c<isACD=—^ 

And the tension vanishes at the point E where eoa^Q 
= — ^- — , and beyond this point, if the particle weire to r 
Tiain on the circle, the tension would have to be negative. 
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Now cobACE<, or=, cosACD, numerically, and therefore 
JCE is nearer 90° than JCD is, unless ACE=ACD. 

K v,'<2ag, both co&ACD and cobACE are positive; 
.-. both ACD and ^Ci: are<90; .-. ACD<ACE, and the 
particle stops before the tension vanishes, and .'. continues 
to oscillate through an axc=2ACD< a Bemicircle. 

H M'=2o3, both co&ACB and co&ACE vanish; therefore 
ACD=AC£=90° ; and the partide just rises to the end of 
the horizontal diameter, and the tension just vanishes but does 
not require to be negative, and the particle oscillates through 
a semicircle. 

iiu'>2agaaii =,or <,4(i3, both cosACD and cosACEan 
negative, .-. both ACD and ACE are >90; .-. ACE<ACD; 
and the tension requires to be negative before the particle 
stops, and therefore the particle leaves the circle. 

If u'>4uy, co&ACD is numerically >1, and therefore there 

o be no such point as D, i.e. no stopping point, 

Novp if u^<bag, there is a point E where the tension 
vanishes, and beyond E the particle leaves the circle. 

But if «*>6n3, cobACE is numericaUy >1, and there is no 
point where the tension vanishes. Therefore the particle 
make^ complete revolutions round the circle. 

Hence the string remains stretched, if u^<2ag, 0T>5ag. 

The greatest tension which the string has to bear is 

{u'+ag), its value when P is at tlie lowest point. 
Now, if P oscillates in the circle, m' must not be greater than 
Sag, therefore the string need not be capable of bearing a 



; greater weight than ^2aj'+B?), t-e. 3niff ; but if P goes com- 
pletely round the circle, m* must be at le-ast 5ag, therefore the 
ittring must be capable of bearing at least —(Sag+ag), i.e. &mg. 
1/ we had an open groove cut irisUU a circle, the motion 
would be exactly the same as in the case of the string. 
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195. A particle, of mass m, moves in a groove cut o 
outMe of a vertical circle, of radius a, aud ia projected from Hn^M 
highest point B, with a velocity ■a.M 
To find where it will quit the circle. ~ 

Here the groove is only i ' ' 
exert an outward normal pressure, 
hence the particle will quit the circle 
as soon as it requires an inward nor- . 
uial force of constraint to keep it on J 
the circle. 

Let Cbe centre, P some position f^M 

the particle before quitting the circla.M 

Denote the angle BCF by $, and thi 

^"'- ^■'- velocity of P in this position by v. 

Then, Art. 187, i''=u^+2(a—acosO)g. 

Let B denote the pressure on P mUwaTils. Then mg oosfl — fl 1 

is the sum of the resolved parts of the forces along the normal 

inwards; .■., Art. 175, — ^mgcosO—R; 



: E=—(agcose~v') = 



-(agcoB0—u'—2ag-^2agcoa6) 
-{Sag eosd—2ai/—u'). 



I, H will vanish when c 



!t'+2a3_ 



and after 1 



point B would have to be negative to retain the particle < 
the circle. 

Therefore, on leaving this point the particle quits the circid 
in the direction of the tangent to the circle at this point, witl" 

a veloc.ty=^ tt.+2aff-2a?-^=^^-^ ; 

a to describe a parabola. 



19ft. We can now explain the method for determining the 
coefficients of elasticity of bodies, referred to in Art. 162. 

This method was originally devised by Newton, and the 
experiments have since his time been repeated by various per- 
sona. In 1834 Mr, Hodgkinson presented to the British 
Association a report'of his researches into the subject. Of this 
report we have availed ourselves in the following explana- 
tion. 

197. Two balls, A, B, are hung from points, C, D, with egual 
Tadii (i.e. equal distances from C and D to the centres of the 
balls) so as just to be in contact vphen the strings are vertical; 
and the curves ASS, BFG are circular arcs, round the centres 
C, D, at the lowest points of which the balls are when the 
strings are vertical. 




Now, Art 193, 1°, if either ball, say£, is drawn aside and then 
let fall, its velocity on arriving at the lowest point, i.e. when 
is vertical, is proportional to the chord of the arc through 
which it has fallen ; and, if either start from its lowest point, 
itfi velocity at starting is proportional to the chord of the arc 
through which it ascends before conting to rest. This result 
was obtained in Art. 183, on the supposition that the motion 
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e airmnril^H 



took place m. vacuo. In practice, the resistance o 
be allowed for. How this is done is explained by Newton h 
a scholium at the end of his section on the Laws of Motion. 
The effect of the air is, however, very slight, except when the 
balls ai* very light. 

Let both balls be drawn aside to points B and ZT of equal 
height, and Bimultaneously let go, they will meet at their 
lowest points. Then by the preceding paragraph the velocity 
of each at that point is known, and thus their relative velocitjf J 
at the moment of meeting is determined. 

Also, if the heights of the points E and F, to which thejrl 
rise after impact, be observed, we shall know the velocity witi 
which each rebounded, and, therefore, their relative velocit] 
at the moment of separation. 

The ratio e of the latter to the former relative velocity ii 
found to be pretty nearly constant, whatever be the weighttfl 
or aizea of A and B, or whatever be the height of ff and G, t 
long as the substances, of which A and B are formed, r 
the same. 

The same result follows if keeping one ball at rest we draw 
only the other aside. 

198, We add some results, as to the value of e, taken fromj 

Mr. Hodgkinson's paper : — 

Both balls made of cast iron, e=.66 

One cast iron, the other lead, e=.13 

One lead, the other boulder stone, e=.17 
Clay ball, soft brass baU, e=.16 

Both balls of glass, e=.H 

Both balls of ivory, c = . 8 1 

Cork ball, ivory ball, c=.60. 

Newton found that for 2 balls of wool bound up veryeom-l 

pactly the value of e was — ■ 
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EXAMPLES.— XXXIV. 

(i.) If the length of a eling be 2 feet, with what velocitj muBt n 
atone piiioed in it revoke in a vertical circle that it may be just pre- 
vented from falling out ! 

(z.) A particle is projected froia the lowest point of a smooth oir- 
cular hoop, along the oircumference. Show that, if it passes through 
the centre, the velocity of projection was va^vS + ^/S, a denoting the 
radius. Also find the arc described before leaving the hoop. 

(3.) A particle is projected up the inside of a amooth vertical circle 
from the lowest point, with an initial velocity=2\'aj] o being the 
radius of the circle. Find at what point it will leave the cirele, and 
show that it will pass through a point in the vertical diameter at a 
height _ a above the lowest point. Find also the point at which it 

strikes the circle again, and its velocity attbe moment of arriving there. 
(4.] A partjele whirled by a string in a vertical circle quits the 
circle, the string becoming alack ; prove that the circle is the circle of 
curvature of the subsequent path, and that, if the particle quit the 
cirele at a point 60° from the higbest point, its snbseqaent path will 
meet the circle at the lowest point at an angle tan~'3^3, and tbe 
particle will then oscillate throngh an angle 2 cob~'_- 

(;.) A heavy particle slides down a tangent to a vertical circle, 
starting from the point nhere this tangent meets tbe vertical diameter, 
and then slides on the circle ; determine where it will leave the cirele, 
and find tbe condition that it may just not slide upon iL 

(6.) A heavy particle slides from the highest point of an ellipse, 
whose minor axis is vertical, down the arc ; show that it will leave 
the curve at tbe end of the latus rectum, if the ratio of the minor to 
the major axis is given by the equation 

(7.) A heavy particle,re9ting at the vertex, which isalso tbe highest 
point, of a smooth parabolic tube, is slightly disph\ced ; show that, 
\ when it has attained a distanoa from the focus equal to tbe lutus 
\ rectum, ita pressare on the curve is ^ of ite. weight. 
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S.) A smooth circular cylinder of given height h, and whose radios ■ 
IS a, is divided into two equal parts by a plane through the axis, which is I 
vertioJ, and one part ia removed. A particle ia projected horizontally 
with a given velocity from one end of the upper rim. Prove that the 
greatest posaihle velocity of projection, in order that the particle may 
reach the ground before it leavea the semi-cylinder, is "^./-t-, aadj 

sappoaing the velocity greater than thia, find the point where it wilU 
Htrike the ground. | 

(9.] A heavy particle is projected from the vertex of a pamliolio 
arc, whose plane ia vertical and axia horizontal, with such a velocity 
that after leaving the arc it describes an equal parabola. Show ttuit 
it will cross the axis at a distance from the vertex^ — T^^- ^^ l&tus 
tectum. 

(10.) A smooth heavy particle ia projected from the lowest point of 
a fixed circular arc, whoae plane ia vertical, up the curve with g, velo- ■ 
city due to the diameter. Find the range of the particle 
horizontal plane through the point of projection. 

(I I.) A heavy particle ia projected from a given point with a givea^l 
velocity inside a parabolic tube whose axis is vertical ; show that 
escaping from the tube it will describe a parabola whose focus fogg 
different lengths of the tube lies in a certain circle. 

(|2.) Twobeadsof equal weight are eliding down a perfectly 8ioooa» 
drcular wire in a vertical plane, and are, at the same instant, at the 
ends of a vertical chord subtending a right angle at the centre ; find 
the velocity and direction of motion of theic centre of gravity at that 
instant, each bead having been set moving from the highest poial 
with an indefinitely small velocity. 

(13.) A heavy particle slides in a smooth parabolic tube, whose a 
is vertical and vertex downwards and latus rectum=4a, starting &D111 
a point at a distance d from the focus. Prove that the pressure on 
the tube, when the particle ia at a distance r from the focus, is 

i /-j. weight of particle. 

(14.) A particle is suspended from a fixed point by an inextenrible 
string ; find the velocity with which it must be projected when at iU 
lowest point, so that ite path after the string has ceased to be atret* 
naj pass through the point of suspension. 
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(15.) From a. point upon the inside of the aurface of a smooth cir- 
cular hollow cylinder, and inside, a particle is projected in a directioa 
making an angle a with the generating line through the point ; tiud 
the Telocity of projection that the particle may rise to a given height 
h, and the condition that the highest point may he yerticully above the 
point of projection. 

(16.) A number of equal circular area of the same curvature, and 
■mooth, are bo united iu order as to form a continuous undulating 
plane carve by means of reversing every alternate one ; and the length 
^the arcs is such that the height of ea^b wave is one-sixth of its ex- 
treme width. The plane of the curve being vertical and the summits 
cd the waves in a hori;iontal line, a particle is projected horizontally 
with the greatest possible velocity from the bottom of a wave so as to 
along the curve without ever flying ofi'. Show that the velocity 



mt the summit of a w 
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the velocity at the bottom. 



199. Motion in an inverled cycloid having its axis vertical. 

, WB will suppose that the particle is a, bead, 
g on a wire, or in a tube, which forma the 






of mass m, si 
(peloid. 

Let AB be the vertical axis, DBE the base of the cycloid, 
C the centsv, and a the radius of the auxiliary circle. See 
Chap. VI. 



c ^ \ 

A 



Let 11 be the velocity oF the particle when at any point P. 

Draw i'QJV perpendicular to AB, cutting the auxiliary in Q 

KDAABmN. l£tACQ=9. SolaBQ.AQ. Then the straight 
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line BQ is parallel to the normal at i* to the cycloid, and the 

radius of curvature at P=2 the chord £Q=4(ico8-^- 

Also, the straight line A^ is parallel to the tangent to 
the cycloid at F, and the arc AP (or s) =.2 the chord AQ 

A ■ ^ 

= ia Bin-g- 

JTow the forces acting on the particle are, 

(I.) Its weight, mg, acting vertically downwards, i.e. parallel 
tofi^; 

(2.) The pressure, E, of the curve acting along the normal 
at P, ie. parallel to QB. 

So that the sum of the resolved parts in the direction of the 
6 
narmdA=B—vig cos-K- 

And the sum of the resolved parts in the direction of the 



Hence, by Art. 175, we have 



4acos^ 
.-. It=- 



i+mffcos-g' 

negative, and therefore the 



We may remark that R'i&t 
pressure never acts outwards. 

Also, the acceleration in the direction of the tangent at P 

. e 

= — — — =4j'*- Corap. Newton, Prop. X, 
As a particular case, suppose the particle to start from rest 
at D, then, Art. 187, v'=2g.BN 



■.29(a-\-ac, 



?)=4«yc( 



imaff cos'— 



= 2mg coBg-, 

which IB double what E would be, if v=0, i.e. if the particle 
were placed at P instead of having moved to it from D. 

200. Let the particle start from rest at any point F. 

Draw FGF' perpendicular to AB, meeting AB in and the 
cycloid again in F. 

Then the velocity of the particle on arriving at A will be 
'j2i].AG. ; and paasing through A it will move to F and 
come to rest, for after leaving A its velocity gradually decreases, 
and at i^ = 'J±<j.AQ-2g.AG=Q. 

lounediately after coming to rest at F it begins to descend, 
and, passing through A with the same velocity, ^i'i.g.AG, as 
before, ascends to F and then returns. Thus it continues to 
oscillate between F and F. 

Now a curious property of this curve, and the one that 
makes the motion in it remarkable, is that wherever in AB 
the point F may be, at which it starts from rest, ike time of a 
cmnplele oscillaiion, from F to F" and back to F, is always the 
same. It ia on this account that the cycloid is said to be an 
iS curve. 



201. Prop. To prove that an irwerled cycl<»d loilh its axis vetiical 
s an isochronms cmve, amd tojmd the tiine of an osdllaiian. 

Let AB be the vertical axis, DBF the base. 

On AB as diameter describe the auxiliary circle AQB. 

Let a particle start at a point F from rest. 

Draw FGF perpendicular to AB, meeting AB in G and the 
Qrcloid again in F. 



On ^0 as diimieter describe a semicircle G^A, and let c be J 



— -=^sr — T -fF 

"^=^0 ^ 



Let P be the position of the particle at any time. 

Draw PQpN perpendicular to AB, meeting tlie aiu 
circle in Q, the second circle in^, and AB in N. 

ThuB, as P descends from F\a A,p moves round the S 
circle from C to^. 

We will now determine the velocity of p. 

3om BQ, AQ. We shall require the following geometrical 1 
relations :— 

AQ= 'JAB.AN, Euc. VT. 8, Cor., BQA being a triangl»l 

right-angled at Q, and QN perpendicnlar UfM 

the hypothenuse ; 

pN= ^QN.AN, for similar reasons. 

The point p and the particle P being always on the t 
horizontal line, their velocities in the vertical direction e 
always be equal ; 
i.e. the vertical component of the velocity of P = tliat otp. 

Now the velocity of P is •J'i.g.GN ; and the direction i 
its motion, being the tangent at P to the cycloid, is parallel b 
AQ, and therefore makes with the vertical an angle {=BAQ 

. . AQ -lA'BJiN I AN 
whose cosme IS ^= —j£-='<J^Ji- 



Hence the vertical component of the velocity of P 



V- 



■2j.GN.AS 
AB ~ 



/?V- 



Again, let v denote the velocity of p. The direction of its 

, motion is the tangent at p to the small circle, and therefore 

makes with the vertical the same angle that the normal cp at 

I p makes with the horizon, i.e. the angle cpN, whose cosine 



cp 



v.pN 



Hence the vertical component of r is - 

\.e. the velocity of ^ is uniform. 
Again, since the time taken by P to descend from F io A 
I IB the same as the time taken by ^ to move round the semi- 
( circle GpA, whose length is jr.cp. 






Now the particle will evidently take the same timetomove 
from A to F' a& from F ta A. Therefore the time from 
/AB 



ft. 2^=2,74 



And the time from F' back to F will h 
FiaF. 



the same as from 



Hence the complete time (IT) of 

Now AB=2ai .: T=iw./-- 

Hence the time of oscillation I 
!Yer the amplitude. 



ciilation = i^\/ -s— ■ 



. cycloid is the same what- 
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302. Prop. To make apariidt P, kimg from a fixed ^nt 
hy a sking OP, move in a cyclmd. 

Let OA be the position of OP when vertical. 

Bisect OA in B. Draw DBE horizontally through B. 

Describe the cycloid BAD with its vertex at A and axis 
equal to AB. 

Then BAD is the cycloid in which P can be made to 
oscillate. 

Draw DOE the evolute of the cycloid. Art. 83 ; then, iSDOE 
is a material curve, when we move P from A towards D, keep- 
ing the string stretched, the latter will wrap round OB, and P 
will trace oat the semi-cycloid AB. 

Now, if P is held in any position F on AB and then let go, 
the string will unwrap ; and, always being a tangent to CD 




where it leaves OB, it will everywhere be perpendicular to the 
direction of the motion of P, and will therefore, by its tendon, 
be capable of exerting the same forca on P, as AD would by 
its pressure, if it were a materiaJ curve and P sliding on it as 
I in Art. 201. 



Hence P will move exactly as if it were sliding on a mate- 
rial curve DAE. 

On arriving at A, P ascends AB, and the string wraps on 
to 0^ till P comes to i° on a level with F. After this it re- 
traces its path back to F. 

•AB 



The whole oscillation is peTformed in the time iff /'- 
V -^ 

Let I denote the length of the string, then AB= — ; 

,-. the time of a complete oscillation =4»- / — =2v / — ■ 
\/ ig Sj 9 

203. Simple Pendulum. 

Dbf. a particle hung by a fine thread from a fixed point, 
aad oscillating in a circle, forms with the string what is called 
. a simple pendulum. 

Prop. To find the time of oseUlaiion of a simple pendidum. 

For a short space on each side of A (Art. 202) the circle 

lose centre is 0, being the circle of curvature of the cycloid 
at A, may be regarded as coinciding with the cycloid; and 
positions of P within these spaces the bending of the string 
ly OD or OE may be neglected ; ho that the motion of P 
within these spaces is the same, whether it be considered as 
moving on the cycloid, as in Art. 202, or on the circle whose 
centre is and radius OA. 

the time of a complete small oscillation of a simple 
■pendulum=2a- /— , where / is the length of the pendulum. 

Thus, if we shorten tlie string, 
we shorten the time of oscillation ^ 
and if we shorten the string to 
one quarter of ite length, ^ 
shorten the time of oscillation to 
one-half its former length. 

06s. If we have a pendulum OP riu. m. 

Hating between F and F, th« motion from F to /" and 




back again to F is what we have called the complete < 

tion. Often, however, the motion from i^" to J" is spoken of 

09 a single oecillation. In this case the time of oscillation 



'Ji 



By a seconds pendulum we mean one which makes one oscil- 
lation (a,s Irom /" to i^} in a second, and one such oscillation 
is called a beat. 



204. From the formula 



=2x A 



we can determine the value of g at any place. 

If we set a pendulum Bwinging, and observe the time (fM 
of each oscillation in seconds, and measure the length (i) ( 
the pendulum in feet, we can obtain the value of g from (i). 

For instance, it is found that the length of the seconc* 
pendulum in London is 39-1393 inches nearly. 
39-1393 



Here then r=2 and 1= 



12 



= 32-216 approximately. 



205. Let A be the height of a mountain, r the radins of the 
earth, g the acceleration of a falling body near the base of the 
mountain. Then, since the force of gravity varies inversely 
as the square of the distance from the centre of the earth, 

the acceleration of a falling body at the summit is g.- 



roughly 

Then, if f, 3" be the times of oscillation o 



length I at the base and summit, T-- 



>+A| 



V 9 



\ pendului 



SIMPLE PENDULUM. 193 

£»;. A pendulum beats seeonda at tlie foot of a mountain 
two miles high. How many beats will it make in an hour at 
the summit J 

We may take the radius of the earth to he 4000 mOes ; 

therefor. A=_i_j. Ai„ 7^2. Therefor, r^l+^-^lj,). 

Therefore, when it is at the summit, the time of each beat, 
being half the complete oscillation, — [I + 2OO0) ^'''*"^- 

Hence u 
••• „ hour „ 3600x||^ be.t.. 

Further, in one hour it makes at the summit 3600 [ 1 — 



2001 



2001; 

2601 ^"^^ 

the moontain. This, by continned fractions, can be shown to 
be about nine beats in five hours. 

Conversely, if we obtained the times (7" and 7") of oscillation 
of the same pendulum at the foot and summit, we could deter- 
mine the height of a mountain. 



EXAMPLES.— XXXV. 

(l.) When a particle starts from the cusp of an inverted cycloid, the 
vertjcal velocity of the particle is greatfst when ic has completed half 
its verttcnl descent 

(2.) K a particle stAit from a cusp of an inverted cycloid, the preft- 
rore on the curve at any poiot is proportional to the radius of onrva- 
tare, and the part of it due to grtivity ia equal to the part due to 
oentrifugal force. 

(3.) If a piirticle start from one end ai the arc of an inverted cycloid, 
show that, when it has fidlen through haU the distance, measured 
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along the ore, to the lowest point, it 'will have accomplished 
fourtlm of its Terticol descent, and that two-thirds of thi 
descent will have elapsed. 

{4.) The time in which a pftrticle can slide from the highest 
0, of an inverted cycloid to the lowest, A, is divided into two 
ports at tlie point P of the curve. Show that the arc AF ; a 
= velocity acquired at jI in an osciiktion commencing at P : 
acquired at A when motion begins at C. 

(5.) Show that the time of descent from any point on a cycloid 
the corresponding point on the evolute is the same. 

(6.) A particle, P, slides down a tuhe in the form of an in 
cycloid. A string being attached to it passes out of the tube 
highest point, and carries a weight, IF, less than that of P, 
deacenda vertically. Find the position beyond which P must 
placed, so thiLt it luay not be drawn out of the tuhe ; and 
the time of oscillation. 

(7.) A circular fine smooth tube contains a particle which 
small oscillations in it, while it is with its plane inclined at an an) 
to the horizon. Show that the period of these oscillations 
period in the vertical plane as 1 : vsinf. 

(S.) A tube in the shape of a cycloid is placed with its 
tical and vertex downwards ; one of two particles whose elasticity 
(;) is equal to the ratio of their weights, is placed at the vertex, and 
the other let drop into one end of the tuhe. Show that, if V be the 
velocity (due to the height of the cycloid) with which it impinges 
the first, the velocity of the first after the n"' impact will be, aoeord-l 
ing as it is the lighter, or the heavier, of the two 
l-(-^)'^ .^ „^ l-(-')V 

(9.) Find the correction to be made in the pendulum of a clock 
which loses 10* per hour. 

(10.) A pendulum, which beats seconds at the foot of a mountun, 
loses 10" a daj when taken to ita summit ; find the height of tha 
mountain, assuming the earth's radius 4000 miles, and ne 
attraction of the mountain. 

(1 1.) in marching in slow time, the length of a pace ii 
and the time is given by the semi-oscillation of a plummet 24*96 in 
long : find the rate of marching. 
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(12.) If a clock at a place A on tlie earth's surface keeps true time, 
and when taken to anothor pLice B ioBes a minute daily, but is made 
again correct by shortening the pendulum by —Ik part of an inch, find 

the accelerating effect of gravity at A. 

(13.) A body starts from reet at the highest point of a cycloid, 
whose axis is vertical and vertex downwards, and slides down the arc, 
iind when it has described half the distance to the vertex, it is allowed 
to move freely 1 show that it will reach the tangent at the vertex at n 
point whose distance from the vertex ia equal to 

XW^SJT+EJSI' ^^^ railina (") of the generating circle. 
Show also that it will reach the tangent to the vertex earlier than 
it otherwise would have done by an interval equal to 

(14.) If a particle slide froia the highest point down the concave arc 
of a smooth cycloid whose axis is vertical, prove that the ratio of the 
time of describing any arc to the time of fidling vertically through the 
diameter of the generating circle is half the circular measure of the 
angle through which the generating circle must have turned to de- 
scribe the arc. 

(l j.) Prove that it a heavy particle slide freely from the highest 
point of a cycloid, of which the axis ia vertical and vertex downwards, 
the angular velocity of the generating circle passing through the point 
will be constant, and inversely proportional to the square root of its 
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(l.) At the same moment one body is dropped from o given hei^t, 
and another ia projected verti«d!y upwards I'roui the ground with just 
sufficient velocity to attain that height ; compare the time in which 
they will meet with the time in which the first would have fallen to 
the ground. 

(2.) A particle of weight equal to 10 ounces is auB|>ended from a 
fixed point hy a string I feet long. The particle describes u horizontal 
circle with an uniform velocity of 50 yards a minute ; find the tensioD 
which the string must he capable of hearing so as just not to break. 

{3.) Two particles A and B, of mosses 8m and m respectively, lie 
together on a smooth horizontal plane, connected by a string which 
lies loose on the plane ; B is projected at an elevation of 30° with 
a velocity eijiial to g. H the string becomes tight the instant before 
B meets the plane again, and breaks when it has produced half the 
impulse it would have produced if it had not broken, and if the par- 
ticle rebounds at an elevation of 30", show that the elasticity of fl 



(4.) A hollow splierical shell has a small hole at its lowest point, 
and any number of particles start down chords from the interior sur- 
face at the same instant, and pass through the hole and then move 
freely. Show that before ond after passing through the hole they lie 
on a spherical surface ; and determine its radius and position at any 
instant. 

(5.) Two perfectly elastic balls are dropped from different heights 
npou a horizontal plane ; find the condition that the centre of gravi^ 
of the two may again rise to its original height. 

(6.) A particle is projected horiTontully from the lowest point o 
smooth fixed sphere, and inside it, so as to puss through the centra S 



loint of S^t 
centra ^1 

J 



the sphere. Show that its first iinpaet ogainHt the sphere takes pkce 
at an angalac distance sin'^^-y- from the point of projection. 

(7.) A number of heavy particles are projected simultaoeoualy from 
a point ; if tangents be drawn to their paths from, any point in the 
vertioal line through the point of projection, prove that the pointa of 
contact wiU be eimultaneous positions of the particles. 

(S.) A pamhola is placed in a vertical pkne, and its axis is inclined 
to the vertical, 8 is the focus, A the vertex, ond Q the point in the 
curve which is vertically below S. If SP be the line of quickest 
descent iraui the focus to the curve, show that ASF is equal to twice 
the angle FSQ. 

(9.) If the point and velocity of projection of a particle be given, 
prove that the locus of the focus of the path is a circle, and thence 
■how that the locus of the vertex is an ellipse. 

(10.) The vertical component velocity of a body is J of the whole ; 
find the horizontal velocity and the direction of motion. 

(11.) A man stands on .■* horse which canters round a circus with 
nniform velocity. State the forces actiog on him, and the condition of 
relative equilibrium. If he spring up, bow must he do so in order to 
light upon the back again ? 

(17,) Two smooth planes, OA, OB, each inclined to the horizon at 

the same angle a, which is lees than — , intersect iu a horizontal line. 

An inelastic particle descends from rest at A, show that the time 
which elapses before it is reduced to test is to the time of descending 
AO as cot^a : I. 

(13.) If the unit of apace be a fathom, of time half a minute, and 
of weight a pound avoirdupois, compare the new units of velocity, 
(wceleration, and density with the oTdinary units. 

(14.) If the area of a field of 10 acres be represented by 100, and 
the acceleration of a falling weight by 58|, find the uait of time. 

([ 5.) Show how the depth of a mine may be asceitained by means 
of a pendulum, supposing the force of gravity within the earth to voiy 
directly as the distance from the centre. 

(16.) Two bodies are dropped from points P and Q, on a smooth 
inclined straight line XY, and reach the ground with the same velo- 
city ; prove that FQ is peqjcndicular to XY. 

(17.) Heavy particles slide from lest down chords of a vertical 



circle passing through the highest point. Prove that the locus of the 
foci of the parabolic patlis they describe after leading the chords is a 
circle, and that of their rerticea au ellipse whose axes are in the ratio 
3il. 

(iS.) A ball A impinges obliquely on a bull B at rest, their mutiiai 
elasticity being t. Show th»t the nmximum. deviation of ^ is 

-""wpraxi-S) ■ """" "'=■"' ' "'' '""'"' "■= "" 

when J-kccB. 

(19.) Two inclined planea (a, 3) are set back to back, and two 
weights, P, Q, ore placed on them, being connected by a, stretched 
string pasBtng over the common vertex of tlio plane. If P predomi- 
nates, and the motion takes place in a vertical phine, find the accelera- 
tion of F and Q, the tension of the string, and the pressures on the 
pLinea and the ridge. If the planes rest on a rough horizontal table, 
show that it will slip along it if the coefScient of friction be 
(Psina~Oaing)(P cosa+ Q C09|3) 
"= (P + Qf~{P^vaa-QA^^Y ' 

(20.) The point is the orthocentre of a triangle ABC, and the 
component velocities of a point are represented by OA, OB, 00; 
prove that the resultant velocity is represented by twice the distance 
between and the centre of the circnmscribing circle. 

(21.) Two particles are let &I1 at different instants down two in- 
clined planes iiom the aauie point in the horizontal ridge in ■which 
they meet ; prove that each describes relatively to the other a straight 
line with uniform aeoeleniticin. 

If the direction of the relative motion make an angle 6 with the 
plane which bisects the external angle lietween the given planes, then 
3d=a~^, where □ iind {3 are the inclinations of the given inclined 
planes to the horizon. 

(22.) A line smooth inextensible string is pinced on two inclined 
planea joined at the highest point and resting on an horizontal table, 
and is tacked at one end to one of them, the inclinations of the planea 
to the horizon being a, 0, and t!ie Icngtlis of the string on each *, y, 
respectively. If the tack be suddenly removed, find the alteration in 
the finite preseuie on the vertex, and show that the preusure on the 

table is instantaneously diniinished by ( j~- ) x (weight (rf 

the string). 



J 



(23.) Two equal balls of mutual elasticity t are simultaneoiialy pro- 
jected from two adjuceDt coracis of a. square table so as to meet in the 
middle ; find the planes and the latera recta of their orhita afttc leav- 
ing the table. 

(24.) Xi APB bo a circle revolving uniformly about A, the end of 
the diameter AB, while P moves in sny given manner in the circle. 
FLad the acceleration of P in the direction of the tangent to the circle, 
and perpendicnlar to it. 

(25.) OA, OB are two lines of railway croesing each other at right 
angles. A train is travelling with a given velocity from A towards 0, 
containing troops that have guns whose nutximum range is 0, and 
when its distance from a a {a being >■ c) a train of the enemy 
starts &om and travels along OB with a known velocity. Find the 
first and last times when the enemy's train can be shot. 

(26.) If the perimeter of a circle be the unit of length, and the time 
of descent down the vertical diameter the unit of time, show that the 

2 
accelerative effect of gravity is measured by — 

{27.) Particles are projected down the chords of a vertical circle 
drawn through the highest point with velocities proportional to the 
chords ; show that they always lie on a circle. 

(2S.) If (E be the distance between two points at any time, V their 
relative velocity, and it, v the resolved parts of V in and perpendi- 
cular to the direction of a, show that their distance when they are 
nearest to each other is w, and that the time of arriving at this 

nearest distance ia -pj- 

(29.) A train is moving at the m.t« of 3fl miles an hour on smooth 
horizontal rails, when the guard observes that a bridge at the distance 
of 274 feet from the train has fallen in, he immediately puts on the 
break, which is equivalent to suddenly attaching to the train a weight 
of 10 tons hanging freely by means of a string passing over a smooth 
pulley ; given that the weight of the tmln is 100 tons, show that it is 
B matter of some consequence to the passengers whether p equals 32 
or 32-2. 

(30.) If the unit of apace be 8 feet, and the acceleration of a body 
falling under the action of gravity be 4, find tile numerical value of 
the moon's mean velocity, its periodic time being 27J days, and mean 
distance 240,0(10 miles. 



MISCELLANEOUS EXAMPLES. 



(31.) A Bmootli bail moving on a horizontal plane impinges on n 
b,ill of ('T^)'^ its -maa^ at rest on the plane ; the line joining the 
centres of the hidla being inclined at on angle a to the horizon at the 
instant of impuct, nud the whole motion taking place in one plane. 
ProTe that the first ball will rise vertically from the impact provided 
that the goefficient of elasticity between the balls be n 4- tan'o. 

(32.) A number of particles of different elasticities alide down a 
smooth inclined plane, through the same vertical height, and impinge 
on a horizontal plane at its foot ; show that they all, throughout their 
subsequent motions, describe portions of the same parabola. 

{33.) From a point A a boll X\s projected vertxeally npwnrds, and 
at the same moment an equally heavy ball 7 is projected fromapi^t 
£, BO OS to strike X horizontally when X is at the highest point of its 
path ; AB is a line on level ground, and perpendicular to BA pro- 
duced is a perfectly elastic vertical screen at a distance \ AS from A.. 
Show that the balls strike the ground at the same point. 

(34.) How would the oscillation of a cycloidal pendulum be affected 
by the pendulum being carried— Ist, uniformly ; 2dly, with imifonn 
acceleration, along a straight railway ? 

(35.) Two buckets of given weights are suspended by a fine string 
placed over a fixed pulley ; at the centre of the base of one of tlia 
buckets a firog of given weight is sitting ; at an instant of instsn- 
taoeons rest of the bucket, the frog leaps vertically npwards so as jitat 
to arrive at the level of the rim of the bucket. Find the ratio of the 
absolute length of the frog's vertical ascent in space to the length 06 
its bucket, and prove that the time which elapses before the frogagain 
arrives at the base of its bucket is- independent of the frog's weight. 

(36.) If the area of a circle, of radius r feet, be the unit of area, and 
the velocity, which a heavy puticle would acquire in falling freedj 
through a space equal to the diameter, the unit of velocity ; find the' 
acoeleration with which a point would describe the oircie unifonnlj in 
( seconds. 

(37.) Three equal uniform elastic spheres, J, .8, G, are placed on « 
horizontui table, so that the centres of .il, S, Oare in a straight liii% 
(be centre of the middle one, B, being at equal distances from the 
centres of A and C. Another equal sphere, D, is projected along tfa« 
lable, BO as to strike M ; JS then proceeds to strike one of the outer of 
the three balls and D the other ; prove that the radios of any one of 
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the spheres has to the distance between A and C a greater ratio than 
1 to 4V2. 

(38.) A particle is projected with a velocity of 200 yards a second, 
and after passing through 6 inches of a substance which retards it 
with a uniform force, it is found to have lost two-thirds of its velocity. 
Find the time taken to pass through. 

(39.) A vertical wheel moves on a perfectly rough horizontal plane 
with the velocity it would acquire by falling through a height equal 
to haK its radius ; a particle flies off at a point P. Show that the 
focus of the parabola described by the particle is the foot of the per- 
pendicular from the lowest point of the wheel upon the radius through 
P ; and that the focal distance of P is a mean proportional between 
the semi-latus-rectum and the radius of the wheel. 

(40.) Two particles are simultaneously projected with velocities Vi, 
Vo, and directions a^ th with the vertical. Prove that after an interval 

ViVj sin(aa - ai) 
g{Vfi sinoa - Vi sinai) . 

their directions are parallel, and find their relative velocity. 



ANSWERS. 



L p. 3. 



(i.) 400 yards. (2.) 9000. (3.) 176 feet ; 29-3- 

1 5 9 

(4.) 222 miles an hour. (5.) 352. (6.) 72 n^utes ; 322 * (70 1408. 



n. p. 4. 

(2.) 633600. (3.) 396" ; 1320'. (4.) 154: 9. (5.) 7y. (6.) 440:3. 

(7.) 11 : 3. (8.) 5 : 56. (9.) ^. (10.) g. 

(11.) 10 miles an hour ; 6 miles an hour. 



III. p. 7. 

52 
15 



050 
(I.) 70. (2.) 15. (3.) ^ ; 352. (4.) 3333-§. (5.) 126*72. 



7 
(6.) 350 yards. (7.) ^- (8.) 1025 feet: 

(9.) 50^8101 feet ; 100^13,690 feet. (10.) 1200^/7 yards, 

(ii.') The unit velocity. 



IV. p. 8. 

2 1 

(i.) 18 inches. (2.) ll-^- inches. (3.) -55- 

(4.) By a line 12*5 inches long, making 45® with the first 
202 



(i.) 16,800. (2,) 3"y (3.)4iDche9. (4.) g-^seoonds. (S') ^""ij ■ 
(7.) ^minuteB. (3.) j=^ minutes. (10). 26^; indies. 

VI. p. 15. 
(1.) A velocity 3v'l0 feet a second, making tan"' 



(2.) 3^/3; 3. (3.) 6Vl7+4^2 miles an hourattn 



{4.) Tan-iy with the 3 ; By tan"-^- (6.) Sin' 



with the second. 
I+2V2 



^, n+r, 



VII. p. 19. 

(l.) V ^2 in direction SE. (2.) 2 ■/i3 + 6j2 mUes an h 

3 J2-2 
direction at tan ' = — with S and N line. 

{3.) 2 Bin IS"- (initial velocity), at 105° to its initial direction, 

(4O -^ yards a minute, at Un-'-^ to ita initial direction. 



Tin. p. 23. 

(1.) I200units. (2.) 27,000 feet per second. (3.) -2 feet per second. 
(4.) 10,300. {5.) One second. (6.) '5 feet per second. 

IX. p. 24. 

(I.) 16:1. {3.) 120. (S.) 2:3. (6.) 140. (7.) "OS. (8.) 25. 

X. p. 20. 

(i.) 70. (3,) 3. f30 3. (4.) 30600. (5.} 15. (6.) 8400. 
(7.) 10,000 feet per second. (8.) 2-^- (9.) 350 feet a minute. 
(10.) 289,985 feet a minute ; 53!),951 feet a minut«. 



{"■) E 



(.^.) ; 



XI. p. 29. 

(i.) 365; -355. (2.) 18 iuchw. 

(3.) -Tj" (4-) By a line -77- inches long, at 45° to the firad. 

XII. p. 31. 

(I.) 32 f^-) 1^5' (3-)9yfeet. (4-) 1=4. 

u.* at 

(7.) -r- feet ; -5- second. (9,) One foot ; 2 inchea, 

/ s 20 , , 10 

(10.) ygi feet ; ^ seconds. 

XIII. p. 35. 

(i.) 6attan-'-g- to the 3. (2.) 300v'l753,Bttan-'5j to tie £ line. 

(3.) 30^5 + 2V3' attan~ 'j ,, to the direction of initial motion. 

(4.) "T^ , in direction bisecting the exteritic imgle between the initial 
and final directiona of motion. 

XIV. p. 40. 

, 25000 

(l.) 322 ; 2-Jiim ; ICIO ; 4830 ; -^^^ • 

(a.) 63. (3.) B50. (4.) 3 ; 22*5 feet from starting point, 
(5.) .^seconds. (6.) 65. (7.) 8 feet peraecond persecood, 

20 
(8.) 180 feet from starting point. {9.) -j ; 20, 



(10.) - 



- feet; ^4313 feet m second. (11.) lo' 



.ViWa 



seconds. 



(■9) - 



ANSIVSHS. 

XIV. p. 40 — coniinusd. 
(23.) 44 feet; |- 

(25.) (»±\'»'-2n.) seconds ; j Vn=-27(. 
(28.) ^ second. ; | ■ (29.) "f S.^nH,. and ^ 



, , 240 
(24-) IT ■ 

(25.) 1 foot, W 
(30.) 10. 



1 



XV. p. BO. 

(i.) ^ ' — 3 of an hour. (2.) If v, a be linear (ind augulnr velocities 
of moving paint, r distance from fixed point, p the perpendicular 
from fixed point on line of motion, iip = «H. 

(3.) v.AC.BC=«CF-.CD; oB.AG.BG (*) 



(5.) If« 



' GD.AG.BO 
s angular velocity about focus, 

/ SP-AS _ SF* , 

(6.) If o is velocity of moving point, 6 ite angular distance from tlie 

<' '^ ■ ^ v.- 
given point, v coSg- ; — wn-j, a being radius. 



XVI, p. 65. 



(I.) If p is Telomty of hour hand, I 
gone since noon, tlie relative velocity 



tbrongh which it has 
iinl2fl 4 V sinfl parallel, 
and 13i>casl2d-vcoii0 perpendicular, to the noon line. 
(4.) If Q, ^ are the accelerations, 8 the sn^le between their lines of 
motion, u, V their velocities at some given, iiiatant, the relative velo- 
city is least At an instant whose distance from given one is 
(ao + ffu) coe6 -Tia-v^ 
a- + 0^-2u(ScoBe 
(6.) Velocity of A with respect to B is au, psrallel to CO., a being a 
side, u the nngular velocity o( A about G the C.U. 
(7.) u(l - 6^ at an angle to CA equal to BGI: 



sv.n. p. 06. 

(I.) 289-8 ; 12 ^/Ss. (2.) 5. (3.) 3. (4.) 25. (5.) ,25 (6.) 0. 
(7.) 18-32^2; 36 + 32^2. (8.) 6430. (9.) 300. (10.) J800. 



XVIir. p. 78, 

(I.) W. (2.) 1:2. (3.) 5 -3. 
(6.) Sufficient to genetate the 
(8.) ■Jv'+Zgh. 

XIX. p. 88. 

{!.) 20; 10. (3.) 7:15; 7^15. (4-) 33: 
(6.) 2:1; 1:2. (7.) Gravity. 



(4.) 3:7; 3;7. (5.) 45. 
6^3. (70 V3:l. 



(5.) 7:C6; 7; 



XX. 



(i.)^- (2.) 112-7. 
(7.1 19'32. (8.) 6'25. 

(I5-) 3r7^ inches. 



(3.) e. 
(9.) 
(13.) ioo.y. 



161 

24 



(4.1 7.5. (5.) CO. (6.) -6. 
(14.) loViTI- 



(17.) 



Dm. 



(18.) 322. (19.) si lbs. (2o.) 4-025. (3i.) ISjgj- 

(J2.) 11 : ISflO. (23.) lib" is unitof time, afeet of space, a=<3S-2)6», 

j {24.) 160 lbs. (as-) 57 lbs., nearly. (26.) 31 j^ oz. 

144 66 25 

(27-) 6j^ lbs., downwfttdB ; 2jgj- Iba., upwards. (aS.) Jgj lb". 

XXII. p. 114. 

(2-) ^TTpi- (certain height). (3.) 4 lb«. 

, , mainu -m'sinS 2mm' aina sinfl . , „ . 

(4-) „^w g; — n^^' ■ (S-) Sonpkna. 

(8.) -7- second ; -g- - 



ANSW£JiS. 



XXII. p. lU—contiimed. 



F&p-q)-p g-Q(^ + q) ^_ up, C P-'3)(y + 3)-Pg .g, do«T, i 

(li.) If m is mass of each body, e the leDgth of each section, mrg, 
mV2r^. (12.) ajlbs., 1-i-lba. (13.) -|- (given space). 

(18.) Sin"' — ■ (22.) \(^ or \^ according aafc> or <I, (^s.)^^- 
{29.) 60° from highest poiot, (30,) If AB is vertical diameter when 
plane is vertical, Aff its position afterwards, then AS'B=90°. 
(31-) (!■) Makes equal angles with line and horizon j (2.) Join point 
to highest point of circle ; (3.) Makes equttl angles with given line 
and hori/oti, and goes through lowest point of circle. 
(38.) 83:55. (40.) (jH-l)»ft;n(H-mrt). {43.) iWW':{W+W'f. 

XXm. p. 123. 
(1.) Parabola, asia pnrallel to tube, (z.) -— ■ {3.) 26 yards. 

XXIV. p. 127. 
(,.) ,V9I, t..-{~'^} (=.) f f..., "f (V6-,'4 

(3.) 4iW5!±^|l±31Fl« . I j,7^M5p^). 



(70 — ■ (8.) 368feet, nearly,takiDgV570=a,V4830-69. 

I (10.) 1946 nearly. (11). 4 35 nearly. 

(12.) 2A{ftsinflcoBd±eoaflVn + n'siB'flj, 



(18.) lV»' 



-, where u 



XXV. p. 131. 
' are initial vtilocilies. 



XXVI. p. 137. 

('■) 7j ^' W S-SA. (4.) 8» and 2u, in direction of original 
motio&ofSm. (10.) 10:6:3:1. 



(i.) ^^^2459 + 280^3, 
(2.) ■g-v'53-12Ve. 



xxvir. p. 140. 

^3^4147 + 600^3, cot-' 



_, 3Q + 16V3 



(3-)|,90-;^^,O;90= 



I , , ,3^3-8^2 

^2^3779- 480^6, cot^' -■ 9 -■ 

^_,15V3-16V2 
"^ 33 V2 

(4.) 30°, 6^/3, 3 V3. 
(9.) Fsin"^' "gnT"' ^""^ ''^ Htruck mores perpendicular to the lina. 
ulong which the Bttiker then proceeds ; tha r" ball etnick starte withi 

(10.) — -^—j' where m is the miiaa, a the angle between the previoiw 

direction of motion and the line of tlie blow. 

{1 1.) Describe on AE, ED, two segmenta of oircles containing oaglt 

equal to 135'. They intersect in F. 

XXVIII. p. 143. 

^,•j -^, at 30° to plane on other aide of normal; 90°. (2.)Tan-'V<. 

(5.) 2a=6, or3a— 2i, etc. ; number of impacta is 3, or 7, etc., eiclod- 
iag those at point of departare. 

(8.) In a direction at "^t'^^TZ Ve'^i'-y'+aey to cushion, a^ y, « 
being the 3 given distances. 



F 



XXIX. p. 149. 



(2.) With notation of Art. 171, Ex. i, the heiglit h above centre is 
given by (iir(I + c(>afl)=ii=sin2S(e(l- coaff)'' - e'H - oosfl) coafl - coafl}, 
«^ = 2j(ft + aBinfl). 

(3.) 36 feet ; ^|- (6.) "-^ f«,.« wall, "-f ■ 

(7.) «-l, l:r:r^: etc, where r--—^- 



XXX. p. 150-155. 
(l.) -g-- (6.) 100 feet ; after impact the highest descends with a 
velocity beginning at Bj — 20, and the lowest willi a velocity 5;/. 
(7.) 80, </ being 32. (g.) Vertei of new path ia on directrix of old, 
distance between their ares, being hulf the latua-rectiim of either. 
Each ball reaches the ground at the instant the other would have 
[idone, if there had been no impnct. 

'<'*■> i6"c" ''^-^ ^"'*^" °*''* '^^°^^ ^' ('3") Tan-'l-- 

(ic.) y= ^J^. ;:„■- ^, wlieri' It is distance between walls. 

Mid 6 the angle of projection. 

, 2a 1 +e' ■ J- . 2nee' 

■(>8') — jz ? . ,^ .,atd]Btajice= ._j_ • 

1^24.) -rr oM ' '^''■^ End ot latUB-rectBtn. 

{29.) Height of directrix is raised bjiZ-gofitaprevioiisheightahove 
point of imjiact, and latus-rectom remains unchanged in length. 

<3..)v/'^- (36.) ,4* ■ 

XXXI. p. 158. 
(a.) -g- "Jig horizontally to right und -^ >Jlg vertically down. 
(4.) C.G. baa a Telocity xgin^d perpendicular, and one ic cos2^ parallel 
to diftgonal, being one of the two angles into which the diagonal 
divideit an angle of the rectangle. 
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XXXII. p. 164. 






(I.) f-a«?. 


Se 


Art. 


176, Ex. 2. 






f^' vS\ 


H 


Mcond 
(6.) 


u being the real angnla 


velocity. 

(8.) 




(S-) Ug- 


\/^»eo'^30°i-»». 


u- 








XXXIII. p. 168. 












, 1 v,v,' ^„ 


, I (m+m 


m-r' 



(4.) 150; 15. (S-) —/■ (6.) Diminished by one half. {?.) g^- 



XXXI V. p. laa 

(1.1 s/^ 

(3,) It leaves drole at a point at distance oo8~'y from highcat poinL 

(S.) It leaves circle at a distance from highest point = coa~' 

6 being diatajice of point where it neetB circle. It must meet circle at 

a distance from highest point = (!<>a~',^-^- 

(8.) At a diatance "^^ - "^^ from edge of cylinder. 

(10.) dsin^ + a BinSfljl + cosfl + \'2 + 2copfl + cnafl^}, a being radiua, 

aS the length of circular arc. 

{12.) 2N'ajattan""'(^2 + l) to horizon. 

{14.) -Jagl^V^S), where a, is length of string. 

(15.) -Jighseca ; Tnicosa = li sino, a being radiua of cylinder. 



ANSWERS, 211 



XXXV. p. 193. 
(6.) Distance of required, from lowest, point =-p-* diameter of auxi- 
liary circle ; ^/J^^^'^J^- • 

▼ g.P 

• 719 
(9.) Shorten it by 1 oq qqq of its length. (10.) 2444 feet. 

, , 75 7805 .' , , , 172,8007rg 

(' '•) VTOir V 39" "'^^^ ^° ^^^"- ('^-^ a.n(2SQ0-a) * 



MISCELLANEOUS. 



/ X 125 
(l.) 1:2. (2.) — T-ounces. 



/8 
(5.) The highest must start*/ — ( mJK - ^Jh') seconds before the lowest, 

h and h' being their initial heights above the plane. 

4 . . 3 - 

(10). Inclination to horizon is sin ^t" • Horizontal component is -^ of 

1 1 25 1 

whole. (13.) -g , jgQ , gg • (14.) -g- seconds nearly. 

at;±VcY+^^-^ when .;, t/ are the velocities. 

(35.) m' + m'^ :2m + 2m', m, m', m^ being respectively the masses of 
frog, frog^s bucket, other bucket. 

(36.) 72-\/y- (38O 800®^^°^^- 



THE END. 



T. AM) A. CONSTABI-E, PRINTERS TO HER MAJESTY 
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pages each, by various writers. Edited h' LouiSR Crbighton, 
Author of "A First History of E^ngland," "Stories from English 
History/' Sec. [/n the press. 

The Government of England. 

The Connection between England and Scotland. 

The History of Religion in England. 

The Relations of England with Foreign Powers. 

The English in Ireland. 

The Social History of England. 

The Growth of the English Colonies, u.ed. 

[Just fuilis^ed. 
WATERLOO PLACE, LONDON. 
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English School Classics. 

tVUk Inlroducliom, and Notes at Ihi end of each Book, 
Edited by FRANCIS STORR, BA., 



Small 2t!it/. 

Thomson's Seasons : Winter. tVithlntroductioHletheSehei. 
iy thi Rev. J. Franck Bright, M.A., Master af Umieriily 

CoUegi, Oxford. U. 

Gowper'S Task, zy Francis Storr, B.A, v. 

Boolul. aiidll., 9^.: Boaksni.andIV.,9d:; Booits V. and VT., g''. 

Gowper'S Simple Poems, with Life of the Aathoft 

By Francis Storr, B.A. is. 
Scott's Lay of the Last Minstrel. Byj. Sdhtkes Phiu 

POTTS, M.A., Hiad Master of Bedford .Sihool. as. 6d. 
Canto I., gd. ; Oinlia II. and 111. od, ; Cantoi IV. and v., ^. 1 Canlo VI., gd. 

Scott's Lady of the l.ake. By R. W. Tavlor, M.A., OeadM 

Mailer of Kdly Collegi, Tavisloci. is, 

Cjuilai I. and II., vi- : CanUfi III. and IV., 9^ ; Canlos V. and VI., »if. 

Notes to Scott's Waverley. By H. w. Eve, M.A., BeadM 
Master of Una/ersity College School, London, u,i or with the Tiatt | 

Bacon's Essays. Complete Edition. By FRANCIS Stors, B.A. 

[/n Iheprttt^ I 

Twenty of Bacon's Essays. 5^ Francis Storr, B.A. 
Simple Poems. EdUed by w. e. mollins, m.a., AssUtMt \ 

Master at Marlborough CoUege. 8i 

Selections from Wordsworth's Poems, jy h. U. J 

Turner, B.A., late Scholar of Trinity College, CamM4gt. 

Wordsworth's Excursion ; The Wanderer. Byn.H.\ 

TUENER, B.A. IS. 

Milton's Paradise Lost. By Francis Stoer, B.A. Book I, 
g./. Book II., ')d. 

Milton's L'AUegro, II Penseroso, and Lycldas. By 

Edward Storr, M.A,, laii Scholar of New CaiUge, Oxford, it. 

Selections from the Spectator. By Osmond Airy, M.A., 

late Assistant Master at IVelSington College, is. 
Browne's RellglO Medici, ify W. P, Smith, M.A., AiHiUmt 
Hosier at Wimkester CoUege. is. 

WATSRLOO place, LONDON. 
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Goldsmith's Traveller and Deserted Village. By c. 
Sankkv, M.A., Mfad Master of Bury Si. Edmund'i Grammar 

Extracts from Goldsmith's Vicar of Wakefield. By 

C. Sankkv, M.A. ii. 
Poems selected from the Vfforks of Robert Bums. 

By A. M. Bbll, M.A., Balliol Celligi, Oxford, as. 
Uacaulay's Essays. 

MOORE'S LIFE OF BYRON. £■>! Francis Stohb, B.A. gJ. 

BOSWELL'S LIFE OF JOHNSON. By Francis Storr, 
B.A. gd. 

HALLAM'S CONSTITUTIONAL HISTORY. By H, F. 
Boyd, laA Schslar of Briumiai Coll^, Oxford, u. 
Southey's Life of Nelson. By w. E. Mullins, m.a. 

is.bd. 
Gray's Poems. Selection from Letters, with Lile 

by Johnson. Bv Francis Stork, B.A. ij. 



Nr.il Edilhn. Small ivo. 2s. 6d. 

The Rudiments of English Grammar and Com- 
position. By J. Hamblis Smith, M.A., ofGoiraUU and Caitu 
Colltgt, and tali Lecturer at St. Peter's College, Camiridse. 

Small too. is. 6d. 

A Primer of English Parsing and Analysis. By cvril 

L. C. Locke, M.A., Assislant M.i5[er at Clifton College. 
Small Szw, ts. bd. 

The Beginner's Drill-book of English Grammar. 

Adapled for Middle Class and ElemenlHTy Schools. By Jambs 
Burton, B.A., First EnsUsh Master in the Hish Sehed ef the 
Liiierpooi Insiilule. 

Small iva. if. 6d. 

A Practical English Grammar. For sctoois and coi- 

I^cs, and lor Students preparing for e<iimLn.ations. By the 
Rev. W. TiDMAiUH, B.A., Hfod Master of Fulney School. 
Small Sva. 2i. 6d. 

Short Readings in English Poetrg. Arranged, with oc- 
casional Note:i, for the use of Schools and Classes. Edited by 11. A. 

rllHRTX. 
WATERLOO PLACE, LONDON. 
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With Mafs imd Flatts, New Edition, Revised. Ctvwn %vo. 

A History of England. BytAe-Ra.j.FsLAnciLSKiGiiT.H. 

Masttr of UnkiersUy Collie, and late Mailer of the Modem " 
at Marlborough College. 

Pbbiod I.— medieval monarchy ; The departni 

the Romans, to Richard III. From A.D. 449 to A.O. 1485. 
4/. &/. 



TheRise of Constitutional Government in England. 

By Cyril Ransome, M.A., Professor of Modern Uterature ami 
history, Yorkshire College, Leeds. 

With Maps and Illustrations. Crojvn Sva. 

A History of England for Schools, sy f. youcI 

Powell, M.A., Lecturir at Christ Church, Oxford. 

\ln thepTtu.. 



Second Edilian. WilA Forty lUuslraHons. i6mo. as. 6d. 

rsK Crbigh 
a: Ral^h," 



' First History of England, sy loihsk c 

Author of "Life of the Black Prince," "Sir Walter Ra 



Royal tStur. With IllnstratioHS. 31. &/. 

Stories from English History. By louisb crwghtow 

Aiahar of "A Fiiat Ilistoiy of England," "Life of the BJ— * 



WATERLOO PLACE, LONDON. 
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Historical Handbooks. Edn^ iy o^cail BKowmsa. 

M.A., F^lffw of King's CoUfge, Cambridge. 



English History in ttie XIVUi Century. By Charlbs 
H. Pearson, M. A. , laic Fellow of Oriel College, Oxford, y. W. 

The Reignof Lewis XI. Sy p. F. wii.leet, m.a., Feiinw o] 

~ "illi Map, 31. 6d. 
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Exeler CelUg', Oxford. Willi If 

The Roman Empire. a.d. 395-800. By A. M, Curtsis, 

M.A. With Maps. y. dd. 

History of the English Institutions. By Philip v. 

Smith, M.A., Fell™ af fang's College, Cambridge. 31. ()d. 

History of Modern English Law. By Sir Roland knwst 
Wilson, Bart., M.A., late Fellmo of Kin^s College, Cambridge. 
y.6d. 

History of French Literature. Adapied from the French of 

M. Dbmogbot, by C Bridge. 3^-. 6d. 
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History of the Romans to the Establishment of 

Imperialism. By J. S. Reid, LI,M., Fellma and Assistant 
Tutor ef Gonviile and Cains College, Cambridge ; Classical Examiner 
in the University of London. 

[In preparaiion. 

swaricisinlcndcdtobeuKdbytbchigher Fomu b Public Sdunls, ■ndbyJuDioi 
III in Ihc Univemliu. It aims at eihibiting in outline the growlh of the RDniBn 
faJ lileiaall dcputmeutfi. Military hiatory wii] but bp ncBlvctcd, butattenticm wLIL 
bi pAnicalaxJy directed towuds the political and Hcial cEuuiecs^ and Uie devdapmeui of 
bw. litenton, [cligtan, an, sden«, and lodal life. Care will be takeu id btiug the 
wbxAB aimlive into actxrd with the preseDt Ktkte of knowlcdEe, and aldo to pnKol the 
fccti of Romaa History in ■ roim liltely 10 intenst tlie Studenu for whom lbs work ■• 

Nmi Edition. tSini>, is. 6d, 

A History of Enyiand for Children. jyCEOROEDAws, 

D.D., formerly Bishop of POerborm^k, 

WATERLOO PLACE. LONDON. 




Historical Biographies. Editrf b, a. b™. n 

Crmgbton, iLfi-tlaieFdlo-jiandTuttrei Merten CMigi, Oxford, 
Witli Maps and Plans. Smail 8m>. 
Simon de Montfort. By M. Crbighton, m.a, ai. &i 
The Black Prince. Sy Louise Crkighton, at. 6d. 
Sir Walter Ralegh. By Louisk Cbktohton. 3*. 
Oliver Cromwell. By F. W. Cornish, M-A. y. 6d. 
The Duke of Marlborough. By Lodisb Crkighton. 3j. 6* . 
The Duke of Wellington. Zfy Rosamond Waitk. ii. id. , 

Stconii Ediiiott. Crean Svo. 6i. 

/4 Handbook in Outline of the Political History of 

England to 7882. ChronologiciUy arranged. By A. H. 
DvKE AcLAND, M.A., CArisl Chanh, Oxford, and Cyril Raiu 
SOME, M.A, Frofasorof ModfTH Literature and History, Yerhkin 
College, Lttds. 

Small 8w.. u. 6d. 

A Skeleton Outline of the History of England, 

bEing an abridgment of a Il3,ndbix>k in Outline of the Fuliltcal 
History of England. By A. 11. Dvke Acland, M.A., ani/CVim. 
Raksome, M.a. 

CrcTdiaBvu. Paftr cirver, U. ChlhUmp, \s. fid. 

A Handbook in Outline of English Politics for the 

Last Half Century. Extracted from "A Handbook of Englisti 
Political History." With Appendices on the Reform Bills, EH*- 
fiandiised and Enfranchised Boroughs, &c. By A. H, DvKK' 
AcLANo, M.A., a«(/CVRii. Ransome, M.A. 

Saond Edition, Revised, Crown inio. js. 6d. 

History of the Church under the Roman Empire, 

A.D. 30-476. By the Rev. A. D. Crake, B.A., i'icar of Havtn 
Strut, Rydi. 

Cnrjin ^o. Ji. 6d. 

Ecclesia Anglicana. a iiisiory of the chutch of chrut ^i 

England troin the earliest to the present times. By ARTHIW 
Chaei.es Jennings, M.A., JWki College, Cambridge; Viear ef. 
Whittlajord. 

I WATERLOO PLACE, LONDON. \ 
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F 

■ Third and EnJargid Edition. iVilh Ilh 

I Physical Geology for Students and General 

H Readers. By a. H. Green, M.A., F.G.S., Profasorof Ccolngs 

^1 in the Yorkihin Callegt of Science, Leeds. 

^B CroTim S^'D. IS. 6d, 

H Elementary Course of Practical Physics. By a. m. 

^1 WoRTHiNGTON, M.A., F,R,A.S. AssUtant MostiT at CliftOH 

■ CalUse. 

^ New Edition, Revised. With Illustrations. Crown 8mi. 2s. 6d. 

An Easy Introduction to Chemistry. Edited by the 

Rev. Arthur Rigg, M.A., and Walter T. Goolden, M.A., 
Lecturer in Natural Science at Tbniridge School. 

Second Edition. With /llusl rations, Crovin &va, 5J, 

[ A Year's Botany. Adapted to liomc and school Use. By 

Frances Anne KiTCHENaB. Illustrated by the Author. 

IVitA Illustrations. Medium $210. 

[ Notes on Building Construction. 

Arranged to meet the requirements of the syllabus o[ the Science 
and Art Department of the Committee of Council on Education, 
Sonth Kepsinglon Museum, 

Part I.— FIRST STAGE, OR ELEMENTARY COURSE, Wtik 

315 woodciitsy loj. &/, 
Part H. — COMMENCEMENT OF SECOND STAGE, or 

ADVANCED COURSE. fVUh ■^^^ woodcuts, \os. 6d. 
Part IIL— ADVANCED COURSE. WW 188 woodcuts, a.is. 
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_ _ , . IN M*v, iSjj.— " T/umntlo/a text- 

L tatk m iJiia ntijtce, arrangid in accprdoHa vritk ike fiubUshld syttabia, and Ihmfort 
\ KmiHiif Du iliidnU and liac/un la tkt fnicrihtd cnrrtt, kat iattly tint null mil fy 
P ■ VKrt tuMitiid hjt Misiri, RicinftBHi, intiilid 'Notes on Buildins CoDitnulioo,' 
I trrivltra Is ami Ihi rtgwinrntnli «f Ike SylUiai of Ik " ' ....... 



^ Ike Commillic sf CbvislU ok £diiuUiiiit, Simlk Ktnii?icloK. {Sigird) 

H. C. Shdboh, Majok, R,E. 
nS, 1875. i/M,ljuel^rB,Cofa(rMlumaHdEil!ma£0,gai 



H. C. Shdboh, 1 

•incur H Corufrutlum an _.. .. 

Sckool of MUUmy Bnxi-eerb^, CtMiaM.] 
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MATHEMATICS 

Riuington's Mathematical Series 

Small Sve. y. IVilhoui Aaruars, at. Sd. 

Elementary Algebra. By j. Hamblin smith, m.a., ef 

GonvUie and Caiai College, and laic Lecturer in ClasAs al SI. Pdtr'l 
CelUge, Camhridgc 

Also an Edition especially prepared to cover llie ground required 

by the Regulations for the University E^caminitions in In^Iia. 3^. bit 

A Kev to Elementarv Algbbka. 91. 

Small Siw. as. 6d. 

Exercises on Algebra, By], hamblin smith, M.A. 

(Copies may be had without the Answers.) 
Crmiin %ve. %s. 6d, 
Algebra, part n. By E. j. Gross, M.A., Fellow of 

and Caiui CoUege, Cambridge, and Secretary to the Oxford 
Cambridge Schools ExamincUion Beard, 
Small Sve. y. 6d. 
A Treatise on Arithmetic. By j. Hambun Smith, M.it 
(Copies may be had without the Answers. ) 
A Key to Arithmetic, qs. 

Small iva. 41. dd. 

Elementary Trigonometry. By j. Hamblin smith, m, 

A Key to Elementary TKiaoNoMRTEV. is, 6d, 
Crown Svo. 51. 6d. 

Kinematics and Kinetics. By E. J. Gross, M.A. 

Crtnan Stib. 45. 6d. 

Geometrical Conic Sections, Sy G. Richardson, M.A., 
Assislanl Mailer al miuhaler College, and late Fdicui of SU ~ ' 
College, Cambridge. 

Small %vo. 31. 

Elementary Statics. By j. hambun Smith, M.A. 

Small %vo. 31. 

Elementary Hydrostatics. By J. Hamblin Smith, M.A. 

Crtrum imo. 6i. 

A Key to Elementary Statics and Hydrostatlos. 
By J. Hamblin Smith, M.A. 

WATERLOO PLACE, LONDON. 
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Sraail 8w, 31. 6ti. 
Elements of Geometry. Sy ]. Hamblin Smith, M.A. 

Containing Books i to 6, and portions of Books II and 11, of 
EucuD, with Exeiciiies and Notes, arranged with the Abbieviationi 
admitted in the Cambridge Univeisity and Local Examinations. 
Books I and 2, limp cloth, is, 6d,, maj be had separately, 

tracrz^d by Uu Cg — -^ .. . ^^ ,„. — _, 

Salia; autluriud flfr int in tkf iiAoolt gf Afanitoba; ncgmmendfd fy 



scribed by iL Cataail of Public lustriKliott fiir Ihi ust ef Uu Kheels nf A 

■■■ 1— ■-- ' -t -■- ".- -•—•- tfifaHiloba! nammndidhl'^ Univtr 

s/PubSi IntlncUan.Quibtcl oKdaxtkBr. 



Crmim %ve. Ss. 6d. 

A Key to Elements of Geometry. By j. Hamblin 
Smith, M.A. 

Small &vtt. II. 

Book of Enunciations for Hamblin Smith's Geo- 
metry, Algebra, Trigonometry, Statics, and Hydro- 
statics. 

Smail Sw7. 31. 

An Introduction to the Study of Heat. By], Hamrun 
Smith, M.A. 



Crown %pp. 51. 
Companion to Algebra, with numcrons Examples. By L. 
Marshall, M.A., AssiHanl Master at Charterhouse. 
CoKTENTS.— ElemcDtary Farmulx nod Keiulu— G. C. M., t- C. M,, etc.— EvoludtHi 
— Emiarions— Ratio, Propotlion- and Varia Bon— Indices, SunJ5, and ImagidBryQaaiiiiiiai 
-iWeaions-PermBtiiions, 6<>mbinalions, snd PrQhabUi.ie-ScalH o[ Ifuaiior. add 
Propenie. of Nnmbers-Uinomial Thcoreni— CmtEoutd Fraclioiu- Convergence and 
DlviTgeiice of Scries— I ndetcnninale CQ-efficienu, and Partial FrBctions— .SumdiBliDn 
of Scries— Indelemii Date Equations— UenMal Theorj- of Equalims- Miwtlluneous 
Prohlems. 

Crmim tarn. &r. 
TAe Principles of Dynamics. An Elementary Textbook 

»for Sdence Students. By R. Wormbll, D.Sc, M.A., Head 
Master of the CUy of London Middle-Class School. 
Small Sva. y. 6d. 
rmy and Ciuil Service Examination Papers 
in Arithmetic, includbg Mensuration and Logarithms. Wilh Arilh- 
metiKd Rules, Tables, Formula: and Answers, for the use of 
Students preparing far Examination. By the Rev. A, Dawson 
Clakke, B.A„ St. Jokii's College-, Cam6rii/ge. 

New Edition, Revised. Crimm Bvo. 61. 6d. 

Arithmetic, Theoretical and Practical. By w. h. 

GiBDLESTON^, M.A., of Christ's College, Camhridgt. 
Also a SiJiool Edition, Small Sve. Ji. 6d. 

WATERLOO PLACE, LONDON: 
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LATIN 

Ifew Edition, revise!. Crown ^o. y. 6d. 
First Latin Writer, comprising Accidence, the Easier Rules o( 
Syotaji illusLiated by copious Examples, and proErcs^i** Exercises 
in Elementary Latin Prose, with Vocabularies. Bjf G. L. 
Bbnnktt, M.A., ffiod Masta- oj Sutton Valince School. J 

A Kev far the use of Tutors only. 51. I 

Crmvn ive. 2S. 6d. I 

First Latin Exercises. Being the Exercises, with SymwJ 
Rules and Vocabularies, from a "First Latin Writer," By G. Im, M 
Bennett, M.A. 1 

Cmain &vi>. Ii, 6d. I 

Latin Accidence. From a "First Latin Writer." £>> G. I* I 
Bennett, M.A. I 

Stiond Edition. Cnmm %vo. y. 6d. I 

Second Latin Writer. Byc l. benneit, m.a., HeadMastt* I 

of Sullon Valenic School. I 

A Key far the use of Tutors only, Jj. I 

Ncm Editum, revised. Crown 8iw. v. id. I 

Easu Latin Stories for Beginners. By o. l. bennctt, I 

M.A., Head Masltr o/ Sulton Valence School. With Vocabulary 1 

and Notes. I 

A Kev far the use of Tutors only. $'■ I 

Crown %vo. 21. Sd. I 

Second Latin Reading Book. Forminga conlimiationof "Ealy 1 

Latin Stories for Beginners." By G. L. BENNETT, M,A,, ^AUfl 

Master o/SuUon Valence School. I 

A Kev for the use of Tutors only. 51, I 

Small %aa. 2s. I 

Selections from Caesar. The Gallic War. widj 

Preface, life of Caesar, Text, Notes, Geographical and Bio-fl 
graphical Index, and Map of Gaul. By G. L. Bennett, M.A.^fl 
/lead Mailer of SutloH Valetue School. B 

Small %vo, IS. 6d. ■ 

Selections from the Aene/d of Vergil, with imtoM 

duction, Notes, &c. By G. I. Bennett, M.A., Head MajIfr^M 
Sultan Valaice School, ' JB 

V WATERLOO PLACE, LONDON. ^| 
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iSmo. Paper ctnia-s, li.; or doth, u, ^. 

\EaB\i Graduated Latin Passages. For Tt^ktion inio 

Enfilish, for use in Schools as Unseen Pieces. £y G. L. Bennett, 
M.A., Head Master of SatHm Valence School. 

This book conlBilu 75$ pieces, tbe earlier portion being short senlences, the remainder 

A Key for the use of Tutors only. 31, &/, 
_ Small 8m ij. (Jd. 

WCatin Grammar and Junior Scholarship Papers. 

"■* By J, H. Raven, M.A., Jleaii Master of Faitcoiikrgc School, 

Biccles, Suffolk. 

A Key for the use of Tiitois only, jt. 
Secoiid Edition, Crown Ztio. 11. 6d. 

•First Steps in Latin. By f. ritchie, m.a,, tac b^oh, 

Setienoah, and late Assistant Master in the High School, Plymeuth. 
A Key for the use of Tutors only, 31. dd. 
New Edition. Small &!Jo. 11, &/, 
Gradatinj. An Easy Translation Boot for B^ioner^. With Vocabu- 
lary, By H. R. Hbatlev, M.A., Assistant Master at Hillbrow 
School, Rugby, and H. N, Kingdon, E.A., Head Master of Dor- 

^— Chester Grammar School. 

^^ A Key for the use of Tutors only. 5^. 

^^■b Second Edition. Small i/vo. 21. bd. 

^Kiree/'/jfCr Facilia, a second Latin Translation Book, containiog 

^^E " Collection of Stones from various Latin Authors, with Notes at 

^^F~ end, and a Vocabulary. By H. R. Heatliy, M.A,, Assisliml 

^H Master at Hillirow School, Rugby, and H. N. Kingdon, B.A., 

^H Head Master of Dorchester Grammar School. 

^^1 Copies may also be had without the Vocabulary. 

^H AKEVfor theuseofTutOTSDoly. y. 

^P Smnd E-Htion. Crozm i,vo. \s. 6rf. 

TAe Beginner's Latin Exercise Booh. Affording practice. 

oral and written, on Latin Accidence. With Vocabulary. By C. 
J. Shebwili, Dawk, B.A., Lecturer and Assistant Chaplain at St, 
Mark's College, Chelsea. 

Fourth Edition. Cnrzim 8iw. at. dJ. 
Latin Prose Exercises. For Beginners, and junior Forms of 
Schools. By R. Prowdk Smith, B.A., Assistant Master at 
Cheltenham Collegr. 

WATERLOO PLACE, LONDON. 
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THE GEORGICS OF VERGIL. Books I.-IV. 2rf. each. 
THE BUCOLICS OF VERGIL. 2J. 
Vergil. The Bucolics, Georgics, and /Eneid in One Volume ai. 

CAESAR DE BELLO GALLICO. Books L V. VIl. VIII, yl.ta 
Books ir. IIL IV. VL 2d. each. 

Gaesar De Bella GalliOO. in One Volume, n. 6d, 

Crtnelt Sm, Oh a card, gd. 

Elementary Rules of Latin Pronunciation. 

Artkue Holmes, M.A., Jai{ Senior FiUaw and Dtan af d 
Collegi, Camliridgi. 

Sixth Edition. Craam 8iw. jr. 6rf. 

Progressive Exercises in Latin Elegiac Verse, 

By C. G. GEPr, M.A., AssiilanI Masla- at Bradfidd Calle^. 
A Kev far Ihe use of Tutors onlj. 51. 

Tioelfih Edititm. lame. as. 
A First Verse Booh. BebEanEasylatrodoctiontotheMcd* 
ism of the Latin HexMnelor aad Pentameter. By Thomas Kj 

CHEVEH AkNOI,D, M.A. 

A Kkv for the use of Tutors only. 11. 
Crmm. 8™, 
OIlUUS, Elementary Exercises in Latin El^c Verse. By A. 
AlNGER, M.A., Assistant Master at Eton Cellrgf. 

Part I. 2s, 6d. Part II. 21. 6d. 
A Kay for the ose of Tutors only. 31. 6d, 

Cnmm ivn. y. €d. 

An Elementary Latin Grammar. By], hamblm smt 

M.A., o/CBn-uiiii and Caius ColUge, and late Laturer in ClattiK 
St. FOer'j Collfge, Cambridgt. 

WATERLOO PLACE. I.ONDOtf, 
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Tiuenty-siith Editiim. lima. 31, 

I Henry's First Latin Book. By t. k. Arnold, m.a. 
A K£V for the use of Tutors otilf. Ii. 
r 
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A Nfw and RaHstd EMtien. tipio, y, 

mold's Henry's First Latin Booli, b,c. a. Gm, m.a,. 

" ' '\nt Master at Bradfiild ColUgi; Author of " Prograiilit Ex- 
in Latin Eltgiac Verst. " 

A Key for the use of Tutors only. 51. 

TuimlKlh Edi&m. Sva. 6s. 6d. 

A Practical Introduction to Latin Prose Com- 
position. By Thomas Kerchevek Arnold, M.A. 
A Key for the use of Tutors only. u. 6d. 

A Xeai and Rriiscd EdiliBn. Crown itvo. y. 

Arnold's Practical Introduction to Latin Prose 

Composition. By G. Granvu-lk Bradley, D.D., Dtan of 
IVeilmhisler, lale Master 0/ Una/ersily Colle^, Oxford, and formmy 
Master of Marlborough Colhgi. 

A Key for the use of Tntors only. 5/. 

Crmiin 8wo, 

^Ae Aeneid of Vergil. Educd, wuk Notes at * md, by francis 

t Stobr, B.A., Chief Master of Modem Subjects at Mirckanf Taylors' 

■ SeAeol. 

m Books L and IL 21. 6d. Books XI. and Xll. as. 64. 

Small iva. is. W. 
Virgil, GeOrgiCS. book rV. EdUtd, with Life, Notea, voca- 
bulary, and Index, iy C. G. Gefp, M.A., Assistant Master at 
Bradfield Collise. 

Small ^vo. IS. ^d. 

Easy Exercises in Latin Prose. By cmarlks bhw, d.d.. 

formerly FriiHpal o/Brigklon Colltge. 

Fifth EdUioH. tzma. 4J, 

Cornelius NepOS. with Cntlcsa QuestlonE and Answera, and ao 
'- - 4ve Exercise on each Chapter. ByT. K. Arnold, M.A. 
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Stories from Quid in Elegiac Verse, wuh Notes aid 

Marginal References to the Public School Latin Pkimbr. By 
R. W. Taylor, M.A., Haid Master of K'dly CelUge, TavUtvck, 
and laic Ftllaw of St. yohn's CoUcgi, Cambridge. 

New Edition, Revistd. Crown &7/0, 3s. 6d. 

Stories from Quid in Hexameter Verse- Meta- 
morphoses, Wilh Notes and Marpnal References to the Public 
School Latin Primer, By R. W. Taylor, M.A. ' 

New Edition, Revised, lamo. at. 6d. 

EclogCB OuidianCB. From the Elegiac Poems. With Ei 
Notes. By Thomas Kkkckevbr Arnold, M.A. 

Small Uo, ai. 
Cicero de Amioitia. Edited, with introduction and Notes, 

Arthur Sidgwick, M.A., Fdlmii of Corpus CkrisH Ctd^, 
Oxford; Uie Assistant Maita-at Rugby ScAwl, tmd FOoai of Trisati 
College, Cambridge. 

Small Sva. 3s. 6d. 

CcBsar. De Beilo Gailico. books lul Edited, with 

Preface, Introductions, Maps, Plans, Grammalical, Historical, and 
Geogiaphical Notes, Indices, Giaminalical Appendices, &c., ly'j.H. 
Mebbywkatheb, M.A., and C. C. Tancock, M.A,, ^siislaKtm 
Masters at Charterhouse. H 

Book L separately. %f. I 

Crown Ivo. y. (td. * 

Exercises on the Elementary Principles of Latin 

Prose Composition, with Examination Papers on the Ele- 
mcntary Facts of Latin Accidence and Syntax. By J, HambliN 
SutTH, M.A., of Caianlle and Caius College, and late Lerturer im 
Classies at St. Peter's Collie, Cambridge. 
A Kky. S''- 

Sjw. On a tard, it. 

Outlines of Latin Sentence Construction. s,B.t 
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M.A., Assistant Mailer at Rugby Sciool, and Fellovi of ^lum't 
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and Tutor of Hertford College, Oxford; and T. F, Dalu " ' 
Titfaf , laU Fdlirw, of Quee^i Collie, Oxfvrd. 
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LrAe Antiquities of Greece, the state. Translated from 
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Head MasUr of the Grammar School, GraHtham; and]. S. Mann, 
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An Introduction to Aristotle's Ethics, books l-iv. 

(Book X., c vi.-ix. in an Appendix). With a Continuoiu Analjxu 
and Notes. Intended for the use of B<^ners and Junior Students. 
Bylhe'Kev. Edward Moo he, B.D., Prindfalo/Sl. Edmund HaU, 
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Second Edition. Crmon Sm. 3J. 6u'. 

Selections from Aristotle's Organon. Edi^iyj< 

R, Magrath, D.D., I'tmrtisl of Queai'i CulU-^c, Oxford. 



Sophocles. Edited 6y T. K. Akmold, M.A., Abchdracon PaI 

and Henry Brown, M.A. 
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Sophoclis Trag(Bdice. sdUaiby p.. c. jebb, m.a., Li_n 

Prefaior of Greek at the Univa-sily ef Glas^rai, late Feilmc a 
Tulor if Trinity College, Cambridge. 
ELECTRA. 31. €d. AJAX. y. 6d. 

Crovin S&ff. &. 6rf. 
Sophocles, Translated into EnElish Verse, By Robert Whitblawj 
M.A., Asiistani Master in Ru^y School; late FiUbu ef Tfk. 
Caii/ge, Cambridge. 

Crmm 8m. 6j. 

Thucydidis Historia. books l »nd n. Edtud by chau 

Bigg, D.D., late Senior Student and Tutor of Christ C 
Oxford; formerly Principal of Brighton CoUege. 
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Entarged, and Improved by TH0MA5 Kerchevkr AknolD, M. A., 
<uii/Uenkv Beowne, M.A. 

Third Edition. Cmvm 8iw. is. fid. 

Short Notes on the Greek Text of the Gospel of 

St. Mark. By J. Haurdn smith, M.A., If Gonville and 
Caiu! CBllige, Cambridge. 

CroaiH Zvo. 4J. 6d. 

Notes on the Greek Text of the Acts of the 

Apostles. By]. Hamblin Smith, M.A.,o/GBavilUand Caius 
College, Cambridge. 

CrvaiH Svo. 61. 

Notes on the Gospel According to S. Luke. 

By the Rev. Arthur Care, M. A., Anislaitt Mailer at Wdhnsi^i 
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New Edition. 4 vols, Zvo. loii. 

The Greek Testament. with a Cntlcally Revised Text ; a 
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Thucydidis Historia. Books I. and IL By Charles Bie 
D.D. 61. 
Books HI. and IV. By G. A. SlMCox, M.A. 61. 
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DIVINITY 

Small 8™. 31. ^i. tmL Or each Beak in Five Paris, u. au:k furl. 

Manuals of Religious Instruction. Edu^dby 

John Pilkington NokKis, D.D., Arehkiuon of Bristol. 

The Old Testament. | The New Testament. 
The Prayer Book. 

Cheap Edition, Small &tio, \s. 6,1. each. 

Keys to Christian Knowledge. .^..^Rev.j.H. 

Blunt, D.D., Editor of tht^AntuHaUd Bopkef Comiiea Ftaycr." 



The Holy Bible. 
The Book of Common 
Prayer. 

ifj-JOHN PlLKlNGTON NORRll 

The Four Gospels. | 



The Church Catechism. 
Church H istory, Ancient. 
ChurchHistory.Modern. 

Ti.Vs., ArchUaeon of Bristol. 

The Acts of the Apostles. 

\%nw. II. bd. 

Easy Lessons Addressed to Candidates for Con- 
firmation. By]. P. NORHIS, D.D., Arehdeaeon of Bristol. 
New Edition. Small %vo. \s. &/. 

A Manual of Confirmation. By eowarb mevrick goul- 

BUKN, D.D., Dean of Norwich. 

Crown 8tw. 71. dd. 

Some Helps for School Life, sermons prtached at cufioa , 

College, 1862-1879. ^y i- Pehcival, M.A., LL.D., Presidmt 
of Trinity College, Ox/onI, and late Head Master of Clifton CeUtgi. 

Crown Siw, Is. 

Modern Laodheans and other Sermons, chieiijr 

preached to Bradficld Boys. By the RcT. H. B. Gray, M.A., 
IVardea of Bradfeld College, Berks. 

Crown iivo. is. Cloth limp, is. hd. 

Study of the Church Catechism. Adapted r<.r um as . 

Class Boole. By C. J. SHKkWlLL Uawk, M.A., Ltcturer and 
' Assistant Chaplain at St. Marfs Callege, Chttsta. 

WATERLOO PLACE. LONDON. 
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Nfia Editim. Smail Suo, 31. tJ. 

Household Theology, a Handbook of Rellgioas Infiiniiaticm 

tespeeling the Holy Bible, the Prayer Book, the Church, the 



Second Edition, Kfmstd. Cnrjm %ve. "Jt. 6d. 

Rudiments of Theology, a First Book for siudcnu. 

John PilkIngton Norris, D.D., Anhdiaten of BrisloL 
ihmo, \s. bd. : Paper Coven, \s. ; or in Thra Parti, bd. tack. 

The Young Churchman 's Companion to the Prayt 

Book. By Ihf Rev. J. W. Gedge, M.A., Diocesan InifeOor 

Sekcoli for the Archdeaconry 0/ Surrey. 
Part I.— morning and EVENING PRAYER, and LITANY. 
Part II.— BAPTISMAL and CONFIRMATION SERVICES. 
Part IIL— THE HOLY COMMUNION. 

Large type. 24010. IJ. 

Prayers for a Young Schoolboy, bv /& /« 

D.D. mih a Pre/ace by U.. P. Liddon, D.D., C«i 
ef St. Paul's. 

SeamdEJUiim, tSma u. td. 

The Way of Life. a Boot of Prayera and Inslruclion for the 
Viiunu at School. With a Preparation for Holy Comtnimion. 
Compiled by a Priest. Ediiid by the Rev. T. T. Cartbr, M.A. 

A Plain Exposition of the Thirty-nine Articles of 

the Church of England. For Uie use of schools. Sy tht 
Rev, William Baiter, D.Vi., Htad Master of Merchant Taylsri 
Scluol, tmd Prebendary of St. PauTs. 

Crown \6ma. Cloth limp. ts. 6a 

A Manual of Devotion, chiefly for the Use of 

Schoolboys. fiyWlLMAM BAKt.K, D.D., I/ead A/aster e/ Mtr^ 
cAaite Taylors' Sc/iool. It'-tA Preface by Y R. Wooiikokd, D.D., 
Lard Bishap of Ely. 
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GERMAN 

Niw Edition, Revised, ^o. Ji. dd, 

A German Accidence for the Use of Schools, sy 

]. W. J. Vbcqueray, AsnslatU Master at Kngly ScAoel. 
Crown &ao. zs. 

First German Exercises. Adapted to vecqueray's "German 

Acddence for Ihe Uic of Schools." By E. F. Grbnfbll, M.A., 
lalt Asiislani Master at Jiugby Sehoal. 

Cnrmn %vo, ai, W. 

German Exercises. Part H. with Hinta for the Translation 

of English Prepositions into Geimao. Adapted lo Vecqueray's 
"German Accidence for the Use of Schools." By E. F. Gkbnkell, 
M.A,, lale Aisiilant Masler at Rttgiy School. 

New Edition. Crown %-uo. 4J. 6d. 

Selections from Hauff's Stories, a First German 

Reading Book, Edited by W, E. MullINS, M.A., Assistant Master 
atMarlioroughCl>llep,andF. Storr, B.A.,CAie/'Masteri>/'Maiem 
Slijati m Merchant Taylor^ School. 

Also, separately, crovM Si'o. is. 

Kalif stork and The Phantom Crew. 

Eighth Edition. Vime, 51. bd. 

^he First German Book. By t. k. aknold, m.a, and 

J, W. FBJVDKttsiXiRFF, Pb-D. Key, ar. 6rf. 
Second Edition. Cnrum 8m. is. 6d. 
iSSing'S Fables. Arranged in order of difficulty. A First 
German Reading Book. By ¥. Storr, B,A., CAu/ Master 0/ 
Modem Stbi'ects in Merchant Taylors' School, and late Assistant 
Mailer in Marlborongh College. 

Crmim 8w. "Js. 6d. 
Goethe's Faust, part I. Text, with English Notes, Essays, and 
Verse Transhitions. By E. J. Tdrnbr, M.A., and E. D. A. 
MoRSRKAD, M.A., Asiiilanl Masters at iVinehater College. 
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Nrji Editwn. Small 8w. Sj. 

A Graduated French Reader, with an int«>dii«ioii 

the Pronmiciation of Consonants and the Conneclion of Fintl 
Letters, s. Vocabulary, and Notes, and a Table of Irr^olai Verbs 
with the Latin Infinitives. By PAUL Bakbier, imt of Ihe MaJat 
Languagt Master! at Ikt Manehatcr GramMar Schiol. 



The Campaigns of Napoleon, m t^i {« f^^a) /r^ 

M. THlEnf " Mslairi de la RhetutioH Franfatic," attd " Sislain 
dtt Cimsulat d de VEmpire" Edited, with English Nates and 
Maps, for the use of Schools, by Edward E. Bowkn, 'M.A., 
Masler of tke Modem Side, Harrmn School. 

AKCOLA. +[. bd. MARENGO. \s. bd. ~ 

JENA. 31, &/, WATERLOO. 6j. 

New Editijms. Crown 81/B. ji. 6d. foch. 

Selections from Modern French Authors. Ejuid^-i 

with English I^otts ami Iniroduclory Notice, /ly Henri Van Laum, 1 
Traniiataro/ Taine's History oi English Literatuks. 
HONORS DE BALZAC. H. A. TAINE. 



La Fontaine's Fables, books i. and n. Edi 

English Notes at the end, iy Rev. P. Bowdbn-Smith, M.A 
Astistartt Master at Xugiy School. 

Sixth EdilwH. I2mi). 5i. fii 

The First French Boob. By t. k. arsold, m.a. 

KBV, 2J. id. 
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MISCELLANEOUS 

With Mails. Small ^vo. 

A Geography, Physical, Political, and Descriptive. 

For Beginners. By L. B. Lang. Ediied by the Rev, M. 

Crsighton, M.A,, lati Fellow and Tutor ef Merlon Celhge, 

Oxford. 
Vol. I. THE BRITISH EMPIRE. 21. 6d. 
rjitn I. Tan BniTisH IstES. is. 6d. Past II. The Ebitjsh Possessions, is. 6d. 
Vol. II. THE CONTINENT OF EUROPE, jr. 
Vol. III. ASIA, AFRICA, AND AMERICA, is. 

Small &-Ja. zs. 6d. each fart. 

Modem Geography for the Use of Schools. 

By C. E, MOHERLY, M.A., formerly ^ckolar of Bailiol College, 

Oxford. 
I Part L NORTHERN EUROPE. 

I Part II. THE MEDITERRANEAN & ITS PENINSULAS. 

Crmon %vo. y. 6d. 

At Home and Abroad; or, First Lessons in 

Geography. By]. K. Ladghton, M.A., F.R.A.S., F.R.G.S., 
Matheniatical Instmclor and iMturer ai the Soyai Naval College. 

Second Edition. Cream %nio, at, 6d. 

The Chorister's Guide. By w. a, ba»rett, mus. Bac, 

Oion., Viior Choral of St. Paul's Cathedral, Author of " Miweri 
OMd FesliaUs" &•£, 

Crown Boo. 2s. 6d. 

An Introduction to Form and Instrumentation. 



Seventh EdUioH, Kaisal, I2ma. Jt. 6d, 

The First Hebrew Book. By t. k. Arnold, m.a. 

Key, 31. 6d. 
WATERLOO PLACE, LONDON. 
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SUITABLE FOR SCHOOL LIBRARIES OR PRIZES. 

WUh nmiareus lUuslraHoiti. Crown &10. 51. 
Sacred Allegories. The Shadow of the Cross— The Distal 
Hills— The Old Man's Home— The King's Messengers. By li 
Rev. William Adams, M,A., lale Fellma of Merion Colligt, 
Oxford. ' 

The Four Allegories may be had separately, with lUusltatiomJ 
l6nio. 11. each. 
Also a. Presentation Edition, with numerous ninstrations. Crown 



4I0. 



t. &f. 



Crown Svo. y. &/. 
Edwy the Fair; or, The First Chronicle of JEscen' 
dune. A Tale of the Days of Saint Dunstao. By Ihi Rev. A. Dl 
Crake, B.A. 

Crman Sue. 31. 6t/. 

Alfgar the Daae; or. The Second Chronicle of ^s- 

cendune, By the Rev. A. D. Crake, B.A. 

Crown 8i»p. 3J. (td. 
The Rival Heirs ; or, The Third and Last Chronicl^' 
of .^Bcendune. By the Rev, A. D. Crake, li.A, 

Crtnun Svo, 5J. 
Allegories and Tales. By the Rev. W. E, IIeygate, M.A., 

Rector of Brighstone, 

WUh numerous IlliistraiioTu. Crown Si-d. 71. W. 

Stones of the Temple ; or, Lessons from the Fabria 

and Furniture of the Church, By Walter Field, M.A. 
F.S.A., lalt Vicar of Godmtnham. 

Wilk niustral'ums. Royal 16/110. 31. W. 

Stories from English History. By Louise Creighton, 

AiUluir ef "A First History of England," " life of Ihe Black 
Prince," &C. 

Crown Sjw. 8j. 6d. 
Sophocles. Translated into Enghsh Verse. Sf Robert Whttklaw 
M.A,, Assistant Master in Jtugliy School; late Fellow of Trn ' 
College, Camiridge. 

WATERLOO PLACE, LONDON, 
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^r By y. Hamblin Smith. 

Elementary Algebra. Small &v, 3s. wuhoHt Ans-^o-s, 2s. &/, 
Key to Elementary Algebra. Cravm Siw. gi. 
Exercises on Algebra. Smaii Sva, is. &/. 
Arithmetic. Small 8w, p. 6rf. 
Key to Arithmetic. Crmn Svo. 91. 
Elements of Geometry. Svi^i Svc, y. 6d, 

Books L and II., limp cloth, price 11. &/., may be hud separately. 

Key to Elements of Geometry. Cmro fen. 8/. 6d. 

Trigonometry. Small s™, 41, 6d. 

Key to Trigonometry, crmnt ■Avd. -js. 6rf. 

Bementary Statics. Small ^a, y. 

Elementary Hydrostatics. Small fam, y- 

Key to Elementary Statics and Hydrostatics. Crowu 

Book of Enunciations for Hamblin Smith's Geometry, Al- 
gebra, Trigonometry, Statics, and Hydrostatics, Small Szii, is. 

An Introduction to the Study of Heat. Small Sm, y. 
Latin Grammar, crrjin Uo, y. 6d. 

Exercises on the Elementary Principles of L^tln 
Prose Compoaltlon. Crown Sva, y. 6d. 

J to Exercises on Latin Prose 

Crown Sw. 51, 

An Elementary Greek Grammar, cmon 8w>, 4^. &/. 



Notes on the Greek Text of the Acts of the Apostles. 

Crsom %va, 41, 61^. 

I notes on the Greek Text of the Gospel of St. Mark. 

' Crmm 8mj, w. W. 
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By Arthur Sidgwick. 
An Introduction to Greek Prose Composition. 

Crmvn Siw, y. A Kkv. y. 

An Inlpoduction to Greek Verse Composition. 

CwH Sn>. SI. A Key, Sj. 

A First Greek Writer. Croiw.8w\ y. &/. aksy. y. 

Cicero de Aralcitla. jwdjvgm. u. 

Homer's lUad. 5ii«/;s:w. books i. uui ii. u. &£ book 

XXI. IS.6J. BOOK XXIL li. Si 

Sc«nes from Greek Plays. Sm^a^nttmik u. 6J. 

ARlSTOniANES; The Clo«ds. The Frags, Tlie Kni^its, 
eUKirtUES : IphiKou* ia Taani, TIte Cjdopa, loo, EkdE^ 
Akodi^ BKcha% Hecuba. 

£^ Gtorgr L. Btntutt. 

First L»Un Writer. Omm San. 31. &£. a Knr. 5 

First Latin Exercises. o««« Sm. n. &■: 
First Latin Accidence^ ev«*<i9tw. i>. &L 
Second Latin Writer. rnwuScv. 31. 6.L AKn. 
Easy Latin Stories for Beginners, cvsm. ».«^ AKn^»L 
Second Latin Reading Book. Cr.%vo~ ». ^ A %xt. ^ 
Selections from Caesar. TheGalUcWar. Ai^ftM. x, 
Selections from VergitL &««»« u.6iL 
Easy Unseen Latin Passages. iAm u. akit. ^CC 

f^ ,^. IK Tmyler. 

XeaoplkOB'S JLnahaftK OmmSb-. BaiifaLmia.>.«ti 
lIL«*ttV„3(.U Ate>qK*te^BnAL.KU. IL,K. 

Xefioi^koa'S AgeeUaos. OvMfat. kM, 

Jl Short Greek Syntax. OwnSm. ^ 

StortM from OvHi in Eteclae Tttna. OMNftikSk.^ 

Smrias tnat Orfd in H^EameCef Tecs 



C«Td 



1 



I 



SooWk I^T tfite Lako^ 



jnvrxuiM KAem. iMtoax 



_d Muufeld i&.D.), Primer l^ 
Grtck GmMinAy . 

Acbnd (A). Pdilical H»t. of Eng. 
~ Skeleum Outline 
Adsim (WA AllEgoriu . 
Ains" (A. C.) Cli™i and Koy 
AITord Cixsui] Gr«k TsUment 
Aiistot^ianes .... 

AiiloUe 

Arnold (T. K.) Gwneliiu Nopw 



- Eng. Greek Leiicoi 



- First GicEk Book and 

- -- TBviaed hy F. D. &^ 

- Finl Hebrew Book uc 



jdby E. Abboii 

— Henry's First L»lin and Key 
mviMd byC G. Gepp. 

— Homo's lliil . . . 

— Lalin Ptdm Comp^ and Key 
revised by C G. Bradley 

— MadviE's GiwA Syntax . 



Bakks (W.), Mesua: 

Barbier (P.), French 
Bomtl (W- A-). Choi 



of I>evolu» 

..._.. Reader i 
Chociuer's Guide 



Betcher(H.iLivy, Sookn. . 
Sennetl (G.I.), CeUsbt's GsJlic War 

- Easy Latin Smries and Key 
~ Second Latin Reader and Ke) 

- First Latin Wriivand Key 

- First Lalin Eairdset . 

- Latin Accidence . 

- Second Latin Writer mod Key 

- Unseen Lalin Pawi^iei and K 
J, Setectiont frDU 



-V.^r-— 
Bin^), ^tiii Pnw E> 
— TliacVdidei, Books i. ii. . 
Bloat (J. H.), HottselMid TheoLjey 
^ Keyi lo ChriitiAii Knowledge . 
Brngm (E. B.)i Ch m pa i gni of Kapoleon - 
BndleyCe.G.J.ARuU'iLailnPniH ; 
Bridge IC.), French Lileratnie 
SiigtiiO. P.), HistoryorEnEland . 
Boudind CoiuirueEionj Notes oa . i 
BartonU'). English Ciammai 

Calvert (K.l, Utt, Salecdoni from .' ' i 
Carr (A.Y HoHa on Sl Lake . . i 

Cicero de Amjdtia . . - r i 



Cbrke (A. D.], Eunination Pspoi 
Comelbis Nepos. ByT.K. Arnold 
ComisJi (F. *.), Oliver Cromwell . 
Crake (A. D.l, History of ilie Chutcb 

— Edwy Ihe Fair 

— Alfgar Ihe Dani; 



CieiEhlon (L.), Fbit 



Crasius (G. C-), He 
Curtei!{A.M,f,Th< 
Sallin rr.), Materials and 



Davys (Bishop), Hi 



,f Eng. 



'n"«; 



Euripides, Scenes from . . 
FiEL]j(W,). Stones of the Temple . 
Fiadersdorff, En^.-Greek Leiicao . 
«AKTiiiOK(P.J.F.),Exam.P»pers. ig 
Cedge (]. W.). Com. to Prayer Book 
Gepp (C.G.), Arnold's Henry's First 

— Latin Elegiac Votm and Key . 

— Latin-Engtiah Dictioonry . 

— Vh^l 

Girdtestone (W. H.), Arithmetic . 
Goethe'l Faust .... 

GooldeD(W. T.l Intro, to Chemistry 
Gonlbum (Dean), CotUirmation 

Greek Plays, ' '""""' 
HSteen (A. H. 

GrenfelHE. F.l "Smni 
Gn»s<E. J.}, Algebra, 



German E 



Hakdv (E. C.), An^q. of Greece . t] 
Harrison (J. E.^ Myths of Ihe Odyssey at 

HauS*! Slorifli. Selections from . 33 

Henlley (H. R.), Gradatim and Key 1; 

— Eicetiita Faalia and Key . is 

HerodDtus, Stones from, Phillpolis . ij 

— By H. G. Woods . . . »7 



Horace. ByJ. M. ManhaU . 



ru"v3r 



alet ByJ. R. Sandys . 
(R. C), Sophoclei . 

(A.CJ.Ewl=««Anglici 
--- G- A. Simeoi . 



KilchcRS (F. A.), A Year's Boaay 
Kingdop, Exceipta Facilifl an ■" "^ -- 






■i Fables. Bt P. Smith 



Lang (L- BXGcoeiaphr for BegJDOcn 
Lai«hlDD(T.), Al rfom= andAhroad 
Laon VanTH). French SeLccdooi , 
Lwsinj's Fablt " " - 



Loditff.'L. C) Edgiish'Pan'ini 
Lucian, Sdocdons tfram - 



Maiufit 



uhU. R.), Aiiuolle's Oi^ai»[ 
(T.^.t, ^niqniiui of Grecci 
fifliKE. D.),Tatin SenUncs . 



. ._ ialr(CE.).AlexaDdaIhcGri 

— Geimphy .... 

— Shaupere's Plays 

— Xcnophon'i McmorabilU . 
Mnore (E.L Ariitotle'E Ethics . 
Hooic (E. H.L Gnelt Melhod 



Morsbead (E.D,), Goethe's Faosl 
Moliios(W.E.).HanrsSlories 
Nakileoh's Campatgiis 
Noirii (J. PX Confinnadon . 

— Keys la Chriwian KnowledgE 

— Man udIs of Religious I n&tructii 

— Rndiments of Theology . 
Ovidi^x Edo^c By Annlit 
Ovid, Sloties from. ByR.W.TavlDt 
PAPlLtON (T. I..)iTnanll Comoedia 
Peanoa (C H.). Engliih Hislorv . 
Percival h.), Holpi £>r School Life . 

— * " \. Prelgr . 



.mpo;<stf.a.),H<™ 
Shflkipero i Tempci 



Powell (F. York), Eajtlish Hislory . 
Preus (A.). Pemi Satim 
Prieilland IE,], Gnek Preposidoas 
Prins, Books nitable for 
pqr^lE. K.) Shaksnre'i ( 
Pusey <E. B.) Prayers for Sch 



Raven (J- «•) Lati" ^i""' 
RddO.S.),HisKayoftli 

Reynolds (S. H.), iW of 

RjchardKn (G.J, Conic Secdeai 



JefFA Grei 
_reek Verbs 
RivioGIon'E Halhemslical Series 
Sahdvs, U. E.), iKcralis Orwiooa 
SaiSEoi (f }, Materials and Modall . 
Sawud (R.) Livy , 
SduMmanD s Ainiqiuua (^ Creao 
Shakspere's Plays . 
Sidgwtck (A.), OceiD de Amldlia 

— Fint (Set Wriliir and Key 

— Greek hose CompositiQa aihl Kef 



■n (G.,^), jDvenalii Sa^ 



KcT 



— TbncydidH 

— (W. H.), Tadd Histofis . 
South U. Hamblin), The Acn 

' — Algebra aitd Key 

— A^ehra, Sxfirciscscin 

— ArUhmHicaDd Key . 

— Book of EnunciadoDs 

— Geometry aod Key 

— Greek Grammar 

— Heal, The Study of . 

— Hydiwlatics and Key 

Pr«e CompDsilioD and 

— Statics and Key . 

— St. Mark's Gospel 

— I^^nometry and Key 

— (P.BoWeniLaFootaim'iFal 

— (P. v.), Eogllah Insliludons 

— (R. Piowde), Ladn Prose Ei. 
Sophocles ^ . . , 
SIOTT IP.% £neid of VergQ . 

— Greek Verbs . . . 

— Hanr> Stories . . . 

— Lesiings Fables . . 
Tacitus. By W. H. Suncox . 
Tancock [C. C), C«sai . 
Taylor (R. W.), Short Greek Syntax 

— Stones from Ovid . 

— Xenophon's Agesilaus 



Verad 

Waits (R.), Duke of WelUngtn 



WiUOTlP. F.),' , 
Wilson (R.K.X Modern Eoelish La* 
Woods (k. G.). Hvodoti maaim . 
Wordsworth <Bp.),GreekTenamei>t 
Wormell <K.) Dyouaics 
Worthiogloo (A.M.) Physics 
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Arnold's Latin Prose 

Camtmlim. Bj G. G. Beaulbv, 



Arnold's Henry's First 

Latin Bmk, By C G. GErr. •<• 

[The origiiiiJ Edidoo In ■■iti ™. 



n»ls.] 



F^st Latin Writer. By 

First Latin Exercises, ii,ed. 
Latin Acridenee, u. M 



Second Latin Writer. 

By 0, L. B-NHBTT. 3f. 6A 



Vergil. 



Casar de Bella Gallico. 



Arnolds Greek Prose 



of Greek 



Aceidene*. 



A Practical Greek Me- 

Sbhtincb. By F. RiTCHW nuil K 
H. MooRii. yt. 6i. 



A First Greek Writer, 

Br A. Siueincic. v. id. 



An Introduction to Greek 



Homers I Had. 



Or A. Si 

Ba<.kt). aiKllI. u. <A 
BiwfcXXI. II. 6«. 
EhnkXXII. %t.M. 



Tlie Anabasis of Xeno- 

/Aft. Bv R. W. Tavi.uii. 

Oi Hpanlciy, Bosk 1., u. U.; 
BtHlll II.. u. 



T^e Beginner's Latin 

Sx'irai Mint. ByCJ, 6.DAWC 



First Steps in Latin. By 



Xencphotis Agestlata, 



Cradatim. AiiEb^li 

hllon Dwk. By R. HiA 



Stories fro 



Waterloo Place, Pall Mall, London. 
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Select Plays of Sliakspere. 

Rbgbv Kditiob. 
By the Rev. C £. MOBULr. 
AS VOTJ LIKE IT. m, 
UACBETM. «. 
HAMLET. It. id. 
KING LEAR. K. M 
ROMEO AKD JULIET. «. 
KING HEXKVTHE FIFTH, u. 
MIDSUMMER NIGHT'S 
DREAM. II. 



liiH 



'U3. 



,-: *.o. .689-1837. 7. 



Historical Biographies. 

By the Rev. M. Cbeiomtdk, 
SIMON DE MONTFOKT. «. */. 
THE BLACK PRINCE, m, fepT. 
SIR WALTER RALEGH, 31. 
DUKEOPWELLINGTON. u.*/, 
DUKE OF MARLBOROOGH. 

II. w. 

OuVeR CROMWELL, ji.foi 



v^ Handbook in Outline 

AlTllUK H. D. ACLAND BDd CVIIL 



/J First History of Eng- 

l<atd. BvLMisKCmunKTUN. mth 



Army and Civil Her 



By A. DiwsoH Clarick. 






Short Readings in Eng- 
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